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Propose and discuss a framework that can 
provide a first principles effective 

description of minimum bias events
Minimum bias: experimentally, some minimal trigger, typically 
some forward calorimeter activity

Soft QCD, where strong nature of interactions dominate. Ergodic 



Up Here



From first principles?

This one power counts using more unusual expansion parameter 1/N, 
with N number of particles in the event

EFT is a powerful symmetry based approach

Shift symmetry (goldstone boson story?)

Fractional dispersion (non-locality?)



Reasons to seek first principles approach

Equal footing
Treat both small and large systems, at both low and high energy, all within 
the same framework. 

Potential to aid in elucidation of nature of small scale (p p collision) collective 
phenomena in QCD; jet quenching. Not relying on any particular model

From the pheno side

From the theory side connect to large ’N’ (~large charge) 
approaches; asymptotic analyses; bootstrap (not this talk)



Potential to aid in elucidation of nature of small scale collective 
phenomena in QCD; jet quenching

Momentum conservation On-shell
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Potential to aid in elucidation of nature of small scale collective 
phenomena in QCD; jet quenching

Momentum conservation On-shell
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Harmonics
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Henning, TM 
arxiv:1902.06747

Potential to aid in elucidation of nature of small scale collective 
phenomena in QCD; jet quenching

Momentum conservation On-shell
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Harmonics

C.f. the CMB
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Reasons to seek first principles approach
Equal footing

Treat both small and large systems, at both low and high energy, all within 
the same framework. 

Potential to aid in elucidation of nature of small scale (p p collision) collective 
phenomena in QCD; jet quenching. Not relying on any particular model
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“Track a harmonic” as evidence? 



What will be addressed; what will not

Assume that events are binned in multiplicity, N

i.e. Not attempt a description of fluctuations in multiplicity 

Therefore, can capture how normalized distributions, binned in N, 
change as a function of N, and as a function of Q

We take the large N limit at fixed Q, meaning we do not consider a 
scaling of Q and N such that Q/N (c.f. ’t Hooft coupling) remains 
finite. (Although this could be interesting)



Proto-EFT approach: power-counting, symmetries

But no sense of framework in which to calculate e.g. quantum 
corrections (yet)

Testing self-consistency of assumptions, understanding their 
consequences to explain broad features of data

Physical / directly measurable quantities only (e.g. no ‘centrality’)

What will be addressed; what will not



Outline

Power Counting and Symmetries

Simple Predictions, comparison to data



Power counting and symmetries for pp/AA min bias

⌘ ! 1
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Figure 1: Schematic illustration of detector (cylinder), its pseudorapidity range ⌘max, the

beam regions around ⌘ = ±1, and the characteristic transverse momentum of detected parti-

cles.

at a hadron collider, in particular, proton-proton (pp) or identical heavy ion (AA) collisions.

We assume that the lab frame is also the center-of-mass frame of the collisions. The center-of-

mass collision energy Q is assumed to be much larger than the masses of the initial, colliding

particles. Throughout this paper, we assume that Q is an arbitrary, but fixed, energy, but

will occasionally comment on the dependence of distributions of observables as a function of

Q. Additionally, we assume that the experimental detector cannot measure all particles and

that there is an unmeasureable beam region. Concretely, we assume that there is a maximum

pseudorapidity ⌘max of the detector and particles with pseudorapidity |⌘| > ⌘max are lost down

the beampipe. Finally, we assume that our detector can only measure particle momenta, but

has perfect angular and energy resolution.

With these assumptions, we can establish power counting that defines minimum bias events

and the corresponding symmetries of our collision experiment and of the detected final state

particles. The power counting that we take is as follows.

1. The beam is a small angular region outside the detection apparatus and we restrict our

description of the event to far from the beam region, where detected particle pseudora-

pidity satisfies |⌘| ⇠ 1 ⌧ ⌘max.

2. We assume that the mass of the particles is irrelevant and so detected particle transverse

momentum p? is parametrically larger than the QCD scale or pion mass, p? � m⇡.

3. The momentum lost down the beam region is an order-1 fraction of the center-of-mass

energy Q.

4. The number of detected particles N for which their pseudorapidity |⌘| ⌧ ⌘max is large:

N � 1.

5. We assume that the mean transverse momentum of the detected particles is representa-

tive of all particles’ momenta and so the mean and the root mean square momenta are

comparable: hp?i ⇠

q
hp2?i.

We will see below how these power counting assumptions then imply that our expansion pa-

rameter is 1/N ⇠ p?/Q ⌧ 1.1 Additionally, these power counting assumptions imply that the

1Actually, as we will see in the explicit examples below, there is a (dominant) additional fixed factor of

– 4 –

1. We focus on 
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p? � m⇡2. Everything massless

3. Beam momentum is O(1) of CoM

4. Number of                  particles
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N � 1

5.
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hp?i ⇠
q

hp2?i Mean transverse momentum 
representative of all particles’ momentum

1. O(2) symmetry about beam

2.                    along the beam
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3.         permutation sym in all 
detected particles
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SN

Blind to all but momentum

4.                          symmetry 
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Figure 1: Schematic illustration of detector (cylinder), its pseudorapidity range ⌘max, the

beam regions around ⌘ = ±1, and the characteristic transverse momentum of detected parti-

cles.

at a hadron collider, in particular, proton-proton (pp) or identical heavy ion (AA) collisions.

We assume that the lab frame is also the center-of-mass frame of the collisions. The center-of-

mass collision energy Q is assumed to be much larger than the masses of the initial, colliding

particles. Throughout this paper, we assume that Q is an arbitrary, but fixed, energy, but

will occasionally comment on the dependence of distributions of observables as a function of

Q. Additionally, we assume that the experimental detector cannot measure all particles and

that there is an unmeasureable beam region. Concretely, we assume that there is a maximum

pseudorapidity ⌘max of the detector and particles with pseudorapidity |⌘| > ⌘max are lost down

the beampipe. Finally, we assume that our detector can only measure particle momenta, but

has perfect angular and energy resolution.

With these assumptions, we can establish power counting that defines minimum bias events

and the corresponding symmetries of our collision experiment and of the detected final state

particles. The power counting that we take is as follows.

1. The beam is a small angular region outside the detection apparatus and we restrict our

description of the event to far from the beam region, where detected particle pseudora-

pidity satisfies |⌘| ⇠ 1 ⌧ ⌘max.

2. We assume that the mass of the particles is irrelevant and so detected particle transverse

momentum p? is parametrically larger than the QCD scale or pion mass, p? � m⇡.

3. The momentum lost down the beam region is an order-1 fraction of the center-of-mass

energy Q.

4. The number of detected particles N for which their pseudorapidity |⌘| ⌧ ⌘max is large:

N � 1.

5. We assume that the mean transverse momentum of the detected particles is representa-

tive of all particles’ momenta and so the mean and the root mean square momenta are

comparable: hp?i ⇠

q
hp2?i.

We will see below how these power counting assumptions then imply that our expansion pa-

rameter is 1/N ⇠ p?/Q ⌧ 1.1 Additionally, these power counting assumptions imply that the

1Actually, as we will see in the explicit examples below, there is a (dominant) additional fixed factor of
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Figure 1: Schematic illustration of detector (cylinder), its pseudorapidity range ⌘max, the

beam regions around ⌘ = ±1, and the characteristic transverse momentum of detected parti-

cles.

at a hadron collider, in particular, proton-proton (pp) or identical heavy ion (AA) collisions.

We assume that the lab frame is also the center-of-mass frame of the collisions. The center-of-

mass collision energy Q is assumed to be much larger than the masses of the initial, colliding

particles. Throughout this paper, we assume that Q is an arbitrary, but fixed, energy, but

will occasionally comment on the dependence of distributions of observables as a function of

Q. Additionally, we assume that the experimental detector cannot measure all particles and

that there is an unmeasureable beam region. Concretely, we assume that there is a maximum

pseudorapidity ⌘max of the detector and particles with pseudorapidity |⌘| > ⌘max are lost down

the beampipe. Finally, we assume that our detector can only measure particle momenta, but

has perfect angular and energy resolution.

With these assumptions, we can establish power counting that defines minimum bias events

and the corresponding symmetries of our collision experiment and of the detected final state

particles. The power counting that we take is as follows.

1. The beam is a small angular region outside the detection apparatus and we restrict our

description of the event to far from the beam region, where detected particle pseudora-

pidity satisfies |⌘| ⇠ 1 ⌧ ⌘max.

2. We assume that the mass of the particles is irrelevant and so detected particle transverse

momentum p? is parametrically larger than the QCD scale or pion mass, p? � m⇡.

3. The momentum lost down the beam region is an order-1 fraction of the center-of-mass

energy Q.

4. The number of detected particles N for which their pseudorapidity |⌘| ⌧ ⌘max is large:

N � 1.

5. We assume that the mean transverse momentum of the detected particles is representa-

tive of all particles’ momenta and so the mean and the root mean square momenta are

comparable: hp?i ⇠

q
hp2?i.

We will see below how these power counting assumptions then imply that our expansion pa-

rameter is 1/N ⇠ p?/Q ⌧ 1.1 Additionally, these power counting assumptions imply that the

1Actually, as we will see in the explicit examples below, there is a (dominant) additional fixed factor of

– 4 –

<latexit sha1_base64="EL3vfmr+pGLLNMkawX1D5+3Xvw0="></latexit>

� =

Z

LIPS(N+NBa+NBb
)
�N (p1, . . . , pN , {pai}, {pbi}) �(4)(pa + pb �

NX

i=1

pi �
NBaX

i=1

pai �
NBbX

i=1

pbi)

Integrate outIntegrate out



Effective matrix element
<latexit sha1_base64="EL3vfmr+pGLLNMkawX1D5+3Xvw0="></latexit>

� =

Z

LIPS(N+NBa+NBb
)
�N (p1, . . . , pN , {pai}, {pbi}) �(4)(pa + pb �

NX

i=1

pi �
NBaX

i=1

pai �
NBbX

i=1

pbi)

Light cone momentum
<latexit sha1_base64="mTx694e7BXYb9uc6SVIIyyUjgBM=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVWZE1I1QFMFlBfuAdhwyaaYNTTIhyRTq0D9x40IRt/6JO//GTDsLrR643MM595KbE0lGtfG8L6e0tLyyulZer2xsbm3vuLt7LZ2kCpMmTliiOhHShFFBmoYaRjpSEcQjRtrR6Dr322OiNE3EvZlIEnA0EDSmGBkrha47euhJDi/hTd5k+Bi6Va/mzQD/Er8gVVCgEbqfvX6CU06EwQxp3fU9aYIMKUMxI9NKL9VEIjxCA9K1VCBOdJDNLp/CI6v0YZwoW8LAmfpzI0Nc6wmP7CRHZqgXvVz8z+umJr4IMipkaojA84filEGTwDwG2KeKYMMmliCsqL0V4iFSCBsbVsWG4C9++S9pndT8s5p3d1qtXxVxlMEBOATHwAfnoA5uQQM0AQZj8ARewKuTOc/Om/M+Hy05xc4++AXn4xsrNZK2</latexit>

k± = E ± pz
<latexit sha1_base64="6HY59peuLBvdchkvoIC+D/NZ0Po=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVERL0IRS8eK9gPaGLYbCft0k2y7G6EEgr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy8UnCntON9WaWl5ZXWtvF7Z2Nza3rF391oqzSSFJk15KjshUcBZAk3NNIeOkEDikEM7HN5M/PYjSMXS5F6PBPgx6ScsYpRoIwX2wZUIPAFSYHjIPRFjDzQZB3bVqTlT4EXiFqSKCjQC+8vrpTSLIdGUE6W6riO0nxOpGeUwrniZAkHokPSha2hCYlB+Pj1/jI+N0sNRKk0lGk/V3xM5iZUaxaHpjIkeqHlvIv7ndTMdXfo5S0SmIaGzRVHGsU7xJAvcYxKo5iNDCJXM3IrpgEhCtUmsYkJw519eJK3Tmntec+7OqvXrIo4yOkRH6AS56ALV0S1qoCaiKEfP6BW9WU/Wi/VufcxaS1Yxs4/+wPr8AdlQlWs=</latexit>

= p?e
±⌘

<latexit sha1_base64="encCLVQ5kCQF/JybO9nyCK/WyFU="></latexit>

=

Z Q

0
dk+

Z Q

0
dk�

Z

LIPS(N)
f(k+k�)e�N (p1, . . . , pN ; k+k�)�(k� �

NX

i=1

k�i )�(k
+ �

NX

i=1

k+i )�
(2)(

NX

i=1

~p?i)

Effective “cross section”, 
pulled out factor f Transverse momentum 

conservation in large N limitIntegrate over boosts and 
energy of available 

energy



Expansion of matrix element
<latexit sha1_base64="IofUqipOZ5gHo28m2rVeqLY08Ao="></latexit>

� =

Z Q

0
dk+

Z Q

0
dk�

Z

LIPS(N)
f(k+k�) e�N (p1, . . . , pN ) �(k� �

NX

i=1

p?ie
⌘i) �(k+ �

NX

i=1

p?ie
�⌘i) �(2)(

NX

i=1

~p?i)

<latexit sha1_base64="3Uj1MnRd94e4L3LNkbqxGTRf8MU="></latexit>

= 1 +
c(2)1

Q2

NX

i=1

p2?i +O(Q�4)

(After momentum conservation identities)

2.2 Expansion of the Squared Matrix Element

Having established the form of the cross section for minimum bias events expressed exclusively

in terms of observable particle momenta, we now use the power counting and symmetries to

expand the squared matrix element |M(1, 2, . . . , N)|2. The natural expansion parameter in

which to do this according to our power counting is the number of detected particles N � 1.

Namely, we would want to determine the momentum dependence of the squared matrix element

systematically at every power of 1/N , with undetermined parameters that can be fit to data.

We will do this in a few steps. First, we will present an expansion of the squared matrix

element in inverse powers of the center-of-mass energy Q, for which terms can be established

order-by-order through use of momentum conservation. From this expansion, we can identify

the scaling with N for each of the terms and reorganize the expansion according to our power

counting rules.

We first note that, with this construction, the leading approximation of the squared ma-

trix element is that it is constant. As we can fix overall normalization later, the leading

approximation of squared matrix element in the 1/Q expansion is

|M(1, 2, . . . , N)|2 = 1 + O(Q�1) . (2.11)

A linearly-independent set of momentum-dependent terms at higher powers in 1/Q can be

established using momentum conservation. The transverse and longitudinal momentum con-

servation equations of the detected particles are:

0 =
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On the right, we have expanded the equalities in terms of permutation-symmetric polynomials

of the phase space coordinates. The symmetries of minimum bias events forbid terms at order

1/Q (and actually any odd power of this) and these fundamental momentum conservation

equations define a linearly-independent set of terms at order 1/Q
2. We can then write

|M(1, 2, . . . , N)|2 = 1 +
c
(2)
1

Q2

NX

i=1

p
2
?i + O(Q�4) , (2.13)

where c
(2)
1 is some dimensionless, numerical coe�cient. We will discuss the potential depen-

dence of c
(2)
1 on the number of particles N later.

To construct linear relationships between terms at higher mass dimension, we can multiply

the momentum conservation equations by symmetric polynomials of the minimum bias phase

space coordinates. For example, two identities that can be used to establish terms at order

1/Q
4 are:
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1

A = 0 (2.14)
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= 1 +
c(2)1

Q2

NX

i=1

p2?i +O(Q�4)

(After momentum conservation identities)

=
NX
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4
?i +

NX
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p
3
?jp?k cos(�j � �k) +

NX

i 6=j 6=k

p
2
?ip?jp?k cos(�j � �k) ,

NX

i=1

p
2
?i

0

@k
+
k
�

�

NX

j=1

p
2
?j �

NX

j 6=k

p?jp?k cosh(⌘j � ⌘k)

1

A = 0

= k
+
k
�

NX

i=1

p
2
?i �

NX

i=1

p
4
?i �

NX

j 6=k

p
3
?jp?k cosh(⌘j � ⌘k) �

NX

i 6=j 6=k

p
2
?ip?jp?k cosh(⌘j � ⌘k) .

Again, on the right, we have expanded the identities in terms of independent symmetric poly-

nomials. Then, through the first few orders, the squared matrix element can be expanded

as:

|M(1, 2, . . . , N)|2 = 1 +
c
(2)
1

Q2

NX

i=1

p
2
?i +

c
(4)
1

Q4
k
+
k
�

NX

i=1

p
2
?i +

c
(4)
2

Q4

NX

i=1

p
4
?i +

c
(4)
3

Q4

NX

i 6=j

p
2
?ip

2
?j (2.15)

+
c
(4)
4

Q4

NX

i 6=j

p
3
?ip?j cosh(⌘i � ⌘j) +

c
(4)
5

Q4

NX

i 6=j

p
2
?ip
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?j cosh(2(⌘i � ⌘j))

+
c
(4)
6

Q4

NX
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p
2
?ip?jp?k cosh(⌘i � ⌘j) cosh(⌘i � ⌘k)

+
c
(4)
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Q4

NX
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2
?ip?j cos(�i � �j) +

c
(4)
8

Q4

NX
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p
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?j cos(2(�i � �j))
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c
(4)
9

Q4

NX

i 6=j 6=k
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+
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(4)
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Q4

NX

i 6=j 6=k
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2
?ip?jp?k cosh(⌘i � ⌘j) cos(�i � �k) + O(Q�6) .

The c
(4)
i are dimensionless numerical coe�cients. Linear relationships from conservation of

momentum have already been accounted for and (hyperbolic) trigonometric identities have

been used. Note also that any terms that exclusively depend on the product k
+
k
� can be

absorbed into the function f(k+
k
�) and are not included.

The numerical coe�cients c
(n)
i in general depend on the number of detected particles N .

For the most part, we will be agnostic as to what their precise scaling with N is, but we will

make the following weak, but constraining, assumption. We assume that, in the N ! 1 limit,

the dependence of the coe�cients c
(n)
i on N is such that the entire corresponding term in the

squared matrix element remains finite. For example, consider the term at O(Q�2). With our

power counting assumption that p? ⇠ Q/N and ergodicity, the kinematic dependence of this

term scales like
1

Q2

NX

i=1

p
2
?i ⇠

1

N
, (2.16)
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The c
(4)
i are dimensionless numerical coe�cients. Linear relationships from conservation of

momentum have already been accounted for and (hyperbolic) trigonometric identities have

been used. Note also that any terms that exclusively depend on the product k
+
k
� can be

absorbed into the function f(k+
k
�) and are not included.

The numerical coe�cients c
(n)
i in general depend on the number of detected particles N .

For the most part, we will be agnostic as to what their precise scaling with N is, but we will

make the following weak, but constraining, assumption. We assume that, in the N ! 1 limit,

the dependence of the coe�cients c
(n)
i on N is such that the entire corresponding term in the

squared matrix element remains finite. For example, consider the term at O(Q�2). With our

power counting assumption that p? ⇠ Q/N and ergodicity, the kinematic dependence of this

term scales like
1

Q2

NX

i=1

p
2
?i ⇠

1

N
, (2.16)
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In powers of 1/N

N terms in the sum
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= 1 +
c(2)1

Q2

NX

i=1

p2?i +O(Q�4)

(After momentum conservation identities)

The inevitable ‘flatness’ of large N

because there are N terms in the sum and each term scales like 1/N
2. Thus, the coe�cient

c
(2)
1 can scale at worst linear in N as N ! 1 and the whole term will still be finite in the

squared matrix element.2

Further, the assumption of ergodicity implies that in the limit that N ! 1, the entire ma-

trix element becomes a constant, independent of the event’s dynamics. Our ergodic assumption

implies that the symmetric sums over terms that appear in the squared matrix element reduce

to the corresponding mean values for N ! 1. For example, consider the term at O(Q�2)

again. The sum of the squared transverse momentum of all particles in the event returns the

mean square transverse momentum hp
2
?i times N , as N ! 1. Because the sum consists of N

terms, the variance of the sum is also of order N and so the whole expression takes the form

lim
N!1

NX

i=1

p
2
?i ! Nhp

2
?i + O

⇣p

Nhp
2
?i

⌘
. (2.17)

In the strict N ! 1 limit, the variance of the sum vanishes, reducing to a constant value on all

of phase space. Every term in the squared matrix element reduces to its mean as N ! 1 by

ergodicity, and so the whole squared matrix element itself becomes a constant on the N -body

phase space as N ! 1. We will exploit this limit of the matrix element in our predictions of

the following section.

While constructive, this 1/Q expansion isn’t exactly the expansion that is natural with

our power counting. Terms at a fixed order in 1/Q do not in general have a homogeneous

scaling with 1/N . For example, at O(Q�4), the term

1

Q4
k
+
k
�

NX

i=1

p
2
?i ⇠

1

N
, (2.18)

while the term
1

Q4

NX

i=1

p
4
?i ⇠

1

N3
, (2.19)

as N ! 1. The particular form of higher-order terms in 1/N is subtle to determine because,

in general, terms that arise in the 1/Q expansion don’t have a homogeneous scaling in 1/N .

For example, assuming that k
+
k
� is homogeneous in powers of N with k

+
k
�

⇠ N
0, then from

Eq. (2.12) the term with hyperbolic cosine is not homogeneous in N :

NX

i 6=j

p?ip?j cosh(⌘i � ⌘j) ⇠ O(N0) + O(N�1) . (2.20)

This follows because of the assumption that ⌘i ⇠ 1 and so cosh(⌘i � ⌘j) ⇠ 1, the transverse

momentum p?i ⇠ 1/N and that the sum consists of N
2

� N terms. We do not attempt to

determine the general form of the 1/N expansion of the squared matrix element here, although

a systematic approach could be pursued along the lines of Refs. [31–37]. However, what we

will do in Sec. 3, when using the power counting and symmetries to understand collider data,

2In matching this expansion to a short-distance description from QCD, the coe�cients c(n)
i can generically

also depend on the ratio of collision energy Q to the QCD scale ⇤QCD or pion mass m⇡. Explicitly doing the

matching or resumming large logarithms of this ratio requires an e↵ective field theory for minimum bias, which

we do not construct here and leave to future work.
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Expanding the Matrix Element

28

Ergodicity and central limit theorem means that matrix 
element reduces to a constant on phase space as 


N dependence of coefficients is just constrained by 
finiteness (for now) 

N → ∞

|M(1, 2, . . . , N)|2 = 1 +
c(2)1

Q2

NX

i=1

p2?i +O(Q�4)

lim
N!1

|M(1, 2, . . . , N)|2 ! 1 +
c(2)1

Q2
Nhp2?i+ · · ·

lim
N!1

c(2)1

Q2
Nhp2?i ⇠

c(2)1

N
< 1



Fixing the function f to give flat-in-rapidity
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Figure 2: Comparison of particle density in pseudorapidity between 8 TeV pp collider data

from the CMS and TOTEM experiments [49] to our prediction of Eq. (3.4) (solid) and the

flat phase space distribution of Eq. (3.3) (dashed). The data only include charged particles

with transverse momentum greater than 40 MeV and our prediction uses the form of smearing

function f(x) in Eq. (3.6) with n = 1.6 ⇥ 105.

To determine the value n, we must use data. Pseudorapidity distributions have been

measured extensively in the ATLAS [42–45], CMS [46–52] and ALICE [53–63] experiments

at the LHC, in both pp and heavy ion collisions. From those data, we can determine the

parameter n by noting the following. The mean value of x from Eq. (3.6) is roughly 1/n, which

is the region that dominates the integral. We call ⌘1/2 where the pseudorapidity distribution

is approximately half of its value at ⌘ = 0 which occurs when 2x cosh(2⌘1/2) ⇠ 1; or when

n = 2 cosh(2⌘1/2) . (3.8)

From the 8 TeV LHC pp experiment data that follows, for instance, the value of ⌘1/2 ⇠ 6, and

so n ⇠ 1.6 ⇥ 105. The parameter n has implicit Q dependence, at least by the connection to

maximum value of ⌘.

We emphasize that in what follows that the fit above to the tail around |⌘| & ⌘1/2 is not

important for the observables that are captured in our approach; that is, any step-like function

with a cuto↵ around ⌘1/2 would su�ce. Kinematic observables binned in N and at fixed Q

in the region of validity of this e↵ective framework are insensitive as n ! 1; we will see this

explicitly below with the single particle p? distribution, where we also give a quantitative

estimate for the validity condition. In order to correctly capture scalings with Q, the value of

n is important in that it captures the value of ⌘1/2, which scales with Q. Any other step-like

function, however, would capture the same scaling and, at least at large enough Q, this scaling

should be independent of the precise form of the tail.

The above established value of n can then be used to compare our predicted pseudorapid-

ity distribution to data. This is done in Fig. 2 where we compare our prediction to data from

the CMS and TOTEM experiments [49] of the charged particle number density as a function

– 15 –

8 TeV pp



Fixing the function f to give flat-in-rapidity
<latexit sha1_base64="IofUqipOZ5gHo28m2rVeqLY08Ao="></latexit>

� =

Z Q

0
dk+

Z Q

0
dk�

Z

LIPS(N)
f(k+k�) e�N (p1, . . . , pN ) �(k� �

NX

i=1

p?ie
⌘i) �(k+ �

NX

i=1

p?ie
�⌘i) �(2)(

NX

i=1

~p?i)

� � � � � � � �
�

�

�

�

�

�

	




�

�� ��

Pseudorapidity Distribution
��
+����� ����

������ ����� 
����
���� ����� 
����

Figure 2: Comparison of particle density in pseudorapidity between 8 TeV pp collider data

from the CMS and TOTEM experiments [49] to our prediction of Eq. (3.4) (solid) and the

flat phase space distribution of Eq. (3.3) (dashed). The data only include charged particles

with transverse momentum greater than 40 MeV and our prediction uses the form of smearing

function f(x) in Eq. (3.6) with n = 1.6 ⇥ 105.

To determine the value n, we must use data. Pseudorapidity distributions have been

measured extensively in the ATLAS [42–45], CMS [46–52] and ALICE [53–63] experiments

at the LHC, in both pp and heavy ion collisions. From those data, we can determine the

parameter n by noting the following. The mean value of x from Eq. (3.6) is roughly 1/n, which

is the region that dominates the integral. We call ⌘1/2 where the pseudorapidity distribution

is approximately half of its value at ⌘ = 0 which occurs when 2x cosh(2⌘1/2) ⇠ 1; or when

n = 2 cosh(2⌘1/2) . (3.8)

From the 8 TeV LHC pp experiment data that follows, for instance, the value of ⌘1/2 ⇠ 6, and

so n ⇠ 1.6 ⇥ 105. The parameter n has implicit Q dependence, at least by the connection to

maximum value of ⌘.

We emphasize that in what follows that the fit above to the tail around |⌘| & ⌘1/2 is not

important for the observables that are captured in our approach; that is, any step-like function

with a cuto↵ around ⌘1/2 would su�ce. Kinematic observables binned in N and at fixed Q

in the region of validity of this e↵ective framework are insensitive as n ! 1; we will see this

explicitly below with the single particle p? distribution, where we also give a quantitative

estimate for the validity condition. In order to correctly capture scalings with Q, the value of

n is important in that it captures the value of ⌘1/2, which scales with Q. Any other step-like

function, however, would capture the same scaling and, at least at large enough Q, this scaling

should be independent of the precise form of the tail.

The above established value of n can then be used to compare our predicted pseudorapid-

ity distribution to data. This is done in Fig. 2 where we compare our prediction to data from

the CMS and TOTEM experiments [49] of the charged particle number density as a function
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Any function f(x) that is analytic 
and highly peaked at x=0 
produces the ‘Feynman’ plateau. 
Effective description is an 
Expansion around this

Fall-off can be fitted for 
useful self-consistency 
check, but it is outside 
effective description, so 
general results are agnostic 
to it

8 TeV pp
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pflat(⌘) = 2k+k�(k+e⌘ + k�e�⌘)�2

on flat phase space is then

pflat(⌘) = 2k
+
k
� �

k
+
e
⌘ + k

�
e
�⌘

��2
. (3.3)

In the large-N limit, this can also be directly derived from assuming that all particles have a

distribution flat in cos ✓, the polar angle from the beam. Note that this large-N limit ignores

momentum conservation in transforming to the exponential integrand.

We can then use this result to determine the observed pseudorapidity distribution p(⌘)

smeared against the function f(k+
k
�). We have

p(⌘) =
1

Q2

Z Q

0
dk

+
Z Q

0
dk

�
f
�
k
+
k
��

pflat(⌘) (3.4)

=
1

Q2

Z Q

0
dk

+
Z Q

0
dk

�
f
�
k
+
k
�� 2k

+
k
� �

k
+
e
⌘ + k

�
e
�⌘

��2

=

Z 1

0
dx f(x)

1 � x
2

1 + x2 + 2x cosh(2⌘)
.

In the final line, we have set xQ
2 = k

+
k
� and integrated over the pseudorapidity of the

system of final state particles in the lab frame. Written in this way, f(x) is itself a probability

distribution whose normalization is inherited from its expression in terms of k
+ and k

�:

1 =
1

Q2

Z Q

0
dk

+
Z Q

0
dk

�
f(k+

k
�) =

Z 1

0
dx log

1

x
f(x) . (3.5)

We also note that because f(x) � 0 on x 2 [0, 1], the pseudorapidity distribution p(⌘) mono-

tonically decreases as |⌘| increases away from ⌘ = 0. The integral in the final line of Eq. (3.4)

is also dominated by the region for 0  x . 1/ cosh(2⌘).

To go further, we need an explicit form for the function f(x). As we noted earlier, f(x)

should be analytic on x 2 [0, 1] because it is a physical squared matrix element. Also, because

of the collinear singularity of QCD, we expect a very flat distribution of pseudorapidity over a

wide range. From our expression for the pseudorapidity distribution p(⌘) in Eq. (3.4), we note

that if f(x) = �(x), then p(⌘) is flat, but not normalizable. So, combining these observations

suggests that f(x) should be highly-peaked at x = 0 and analytic. This motivates the following

form:

f(k+
k
�) =

n + 1

Hn+1

✓
1 �

k
+
k
�

Q2

◆n

'
n

�E + log n
e
�n k+k�

Q2
, (3.6)

where n � 1 ensures strong peaking at x = 0, Hn is the harmonic number and �E is the

Euler-Mascheroni constant.3 We discuss the independence of our results on the precise form

of this function shortly.

3We have currently described the function f(k+k�) as a function that corresponds to smearing the flat phase

space distribution. However, it can equivalently be interpreted as a squared matrix element |M|2 for the N

detected particles using the relationship from Eq. (2.12). With this interpretation, the squared matrix element

is

|M|2 ⇠ e
�n k+k�

Q2 ⇠ exp

2

4�n
NX

i 6=j

p?ip?j

Q2
cosh(⌘i � ⌘j)

3

5 , (3.7)

to leading order in 1/N in the exponent. Of course, regardless of the interpretation, we find the same predictions

for the desired measured quantities.
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Take e.g. n now parameterises the 
‘cutoff’ of the theory

on flat phase space is then
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In the large-N limit, this can also be directly derived from assuming that all particles have a

distribution flat in cos ✓, the polar angle from the beam. Note that this large-N limit ignores

momentum conservation in transforming to the exponential integrand.

We can then use this result to determine the observed pseudorapidity distribution p(⌘)

smeared against the function f(k+
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�). We have
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.
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We also note that because f(x) � 0 on x 2 [0, 1], the pseudorapidity distribution p(⌘) mono-
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where n � 1 ensures strong peaking at x = 0, Hn is the harmonic number and �E is the

Euler-Mascheroni constant.3 We discuss the independence of our results on the precise form

of this function shortly.
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to leading order in 1/N in the exponent. Of course, regardless of the interpretation, we find the same predictions

for the desired measured quantities.
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of pseudorapidity, dN/d⌘, in 8 TeV pp collisions. Our prediction for the pseudorapidity distri-

bution is just a normalized probability distribution, so we multiply by a factor to fit data. As

mentioned earlier, our present formulation of the expansion of the minimum bias cross section

does not enable us to predict the multiplicity distribution, so we can’t predict the overall nor-

malization here. In general, we find good agreement between our prediction and data, with a

noticeable lack of a dip in our prediction near ⌘ = 0. Hadrons are of course massive particles

and there is a distinction between their rapidity and pseudorapidity which is manifest as the

dip in the pseudorapidity distribution. We assumed that the transverse momentum of particles

is much larger than their mass, so we ignore the pseudo/rapidity distinction. However, the

data include particles with transverse momentum above 40 MeV which includes hadrons with

transverse momentum comparable to their mass.

3.2 Transverse Momentum Distributions

We now turn to understanding transverse momentum distributions in pp collisions. The set-

up for this analysis will be the same as that for pseudorapidity. We take the squared matrix

element for the detected particles |M|
2 = 1 and take the large-N limit of phase space. The

first steps are therefore very similar to that for pseudorapidity, so we won’t repeat them here.

From Eq. (3.2), the flat phase space distribution of the transverse momentum is

pflat(p?) / p?
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where K0(z) is a modified Bessel function. The unit normalized distribution is
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With this result, the distribution smeared with the function f(k+
k
�) is, in general,
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Unlike the pseudorapidity distribution, the transverse momentum distribution depends

explicitly on the number of detected particles N . This number fluctuates event-by-event and

we do not predict the multiplicity distribution. So, instead, we will re-write this distribution

in terms of the mean transverse momentum, which we can calculate and is unique over an

ensemble of collision events. This mean is
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Substituting this expression for N , the transverse momentum distribution is then
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Transverse momentum distribution
The distribution on unsmeared phase space can be shown to be a 
Bessel function

With f(x) from Eq. (3.6), the mean transverse momentum is
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in the n ! 1 limit. The p? distribution with this form of f(x) is
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Data of the transverse momentum distribution are often displayed as a number density per

phase space volume, and so what we will plot is actually

1

2⇡p?

dN

dp?
/

p(p?)

p?
. (3.15)

Note that once we determine f(x) from pseudorapidity data, the prediction of the transverse

momentum distribution only depends on a single parameter, hp?i. Additionally, a cut on the

maximum pseudorapidity of particles that contribute to this distribution can be incorporated,

as such a cut is always imposed in data. However, any such cut that is relevant experimentally

has an exceedingly small e↵ect on the transverse momentum distribution, so we will not include

it in what follows.

The reason for e↵ective independence on a pseudorapidity cut is as follows. In the large

n limit, the transverse momentum distribution of Eq. (3.14) is itself independent of n. The

Bessel function has an asymptotic form of
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for z � 1. With this approximation, the distribution is
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ignoring overall constant factors. Now, with n � 1, we can saddle-point approximate the

exponential. The value of x for which the exponent factor is minimized is

xmin =
⇡

4n
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. (3.18)

Just setting x in the integrand equal to this minimum value, taking n ! 1 and ignoring

non-exponential factors, we have

p(p?) ⇠ e
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4
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As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
2/3
? . Fractional dispersion relations

are very strange, but can arise from integrating out a gapless subsystem of a larger system
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we do not predict the multiplicity distribution. So, instead, we will re-write this distribution

in terms of the mean transverse momentum, which we can calculate and is unique over an

ensemble of collision events. This mean is
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Transverse momentum distribution
The distribution on unsmeared phase space can be shown to be a 
Bessel function

The function f is now fixed, no wiggle-room

of pseudorapidity, dN/d⌘, in 8 TeV pp collisions. Our prediction for the pseudorapidity distri-

bution is just a normalized probability distribution, so we multiply by a factor to fit data. As

mentioned earlier, our present formulation of the expansion of the minimum bias cross section

does not enable us to predict the multiplicity distribution, so we can’t predict the overall nor-

malization here. In general, we find good agreement between our prediction and data, with a

noticeable lack of a dip in our prediction near ⌘ = 0. Hadrons are of course massive particles

and there is a distinction between their rapidity and pseudorapidity which is manifest as the

dip in the pseudorapidity distribution. We assumed that the transverse momentum of particles

is much larger than their mass, so we ignore the pseudo/rapidity distinction. However, the

data include particles with transverse momentum above 40 MeV which includes hadrons with

transverse momentum comparable to their mass.

3.2 Transverse Momentum Distributions

We now turn to understanding transverse momentum distributions in pp collisions. The set-

up for this analysis will be the same as that for pseudorapidity. We take the squared matrix

element for the detected particles |M|
2 = 1 and take the large-N limit of phase space. The

first steps are therefore very similar to that for pseudorapidity, so we won’t repeat them here.
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element for the detected particles |M|
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we do not predict the multiplicity distribution. So, instead, we will re-write this distribution
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Figure 3: Transverse momentum distribution of charged particles in minimum bias events in
p

s = 7 TeV pp collisions at CMS from Ref. [47] compared to our prediction. The data have

an |⌘| < 2.4 cut on the charged particles. Our prediction from the asymptotic expression of

Eq. (3.19) (solid) uses hp?i = 0.65 GeV, and also plotted is the distribution on flat phase space

of Eq. (3.10) (dashed).

Fitting the 7 TeV data from CMS in Fig. 3 fixes hp?i = 0.65 GeV, and from the 8 TeV

CMS+TOTEM data of the pseudorapidity distribution from Fig. 2, we fit n = 1.6⇥105. While

these data are from di↵erent collision energies and so are perhaps not directly comparable and

interpretable from one to the other, we only anticipate logarithmic dependence on center-

of-mass collision energy, so their distinction should be minimal when applied to our (rather

coarse) scaling predictions. Taking these values along with Q = 8 TeV, the expected value of

the detected multiplicity from Eq. (3.23) is then

N ' 21 . (3.24)

While this is a very simple and crude prediction, it is nevertheless in the same order-of-

magnitude as the number of observed charged particles from Fig. 2, for example. In that

figure, the number density of charged particles with transverse momentum greater than 40

MeV is roughly 6.5 per unit pseudorapidity for |⌘| . 5.5. So, there are roughly 72 charged

particles in each event. Our prediction is about a factor of 3 smaller, which is likely accounted

for by the transverse momentum cut. 40 MeV is less than the mass of the pion, and so violates

an assumption of our power counting. Increasing this cut would correspondingly decrease the

number of detected particles, while not a↵ecting our fit value for hp?i.

Further, the expression for multiplicity N from Eq. (3.23) implies a non-trivial dependence

on the center-of-mass collision energy. First, note that the value of n in the form of the function

f(x) is related to the collision energy Q through Eq. (3.8):

⌘max ' log
Q

p?cut
' log n . (3.25)

Here, p?cut is the experimental lower bound on detected particle transverse momentum. Then,

as long as the dependence of the mean transverse momentum hp?i on the collision energy Q
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Expression for distribution depends 
only on variable = average pT

7 TeV pp collisions

With f(x) from Eq. (3.6), the mean transverse momentum is
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in the n ! 1 limit. The p? distribution with this form of f(x) is
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Data of the transverse momentum distribution are often displayed as a number density per

phase space volume, and so what we will plot is actually

1

2⇡p?

dN

dp?
/

p(p?)

p?
. (3.15)

Note that once we determine f(x) from pseudorapidity data, the prediction of the transverse

momentum distribution only depends on a single parameter, hp?i. Additionally, a cut on the

maximum pseudorapidity of particles that contribute to this distribution can be incorporated,

as such a cut is always imposed in data. However, any such cut that is relevant experimentally

has an exceedingly small e↵ect on the transverse momentum distribution, so we will not include

it in what follows.

The reason for e↵ective independence on a pseudorapidity cut is as follows. In the large

n limit, the transverse momentum distribution of Eq. (3.14) is itself independent of n. The

Bessel function has an asymptotic form of
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for z � 1. With this approximation, the distribution is
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ignoring overall constant factors. Now, with n � 1, we can saddle-point approximate the

exponential. The value of x for which the exponent factor is minimized is

xmin =
⇡

4n

p
2/3
?

hp?i2/3
. (3.18)

Just setting x in the integrand equal to this minimum value, taking n ! 1 and ignoring

non-exponential factors, we have

p(p?) ⇠ e
� 3⇡

4

p
2/3
?

hp?i2/3 . (3.19)

As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
2/3
? . Fractional dispersion relations

are very strange, but can arise from integrating out a gapless subsystem of a larger system
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Fractional dispersion…interesting!

Figure 3: Transverse momentum distribution of charged particles in minimum bias events in
p

s = 7 TeV pp collisions at CMS from Ref. [47] compared to our prediction. The data have

an |⌘| < 2.4 cut on the charged particles. Our prediction from the asymptotic expression of

Eq. (3.19) (solid) uses hp?i = 0.65 GeV, and also plotted is the distribution on flat phase space

of Eq. (3.10) (dashed).
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CMS+TOTEM data of the pseudorapidity distribution from Fig. 2, we fit n = 1.6⇥105. While

these data are from di↵erent collision energies and so are perhaps not directly comparable and

interpretable from one to the other, we only anticipate logarithmic dependence on center-

of-mass collision energy, so their distinction should be minimal when applied to our (rather

coarse) scaling predictions. Taking these values along with Q = 8 TeV, the expected value of

the detected multiplicity from Eq. (3.23) is then

N ' 21 . (3.24)

While this is a very simple and crude prediction, it is nevertheless in the same order-of-

magnitude as the number of observed charged particles from Fig. 2, for example. In that

figure, the number density of charged particles with transverse momentum greater than 40

MeV is roughly 6.5 per unit pseudorapidity for |⌘| . 5.5. So, there are roughly 72 charged

particles in each event. Our prediction is about a factor of 3 smaller, which is likely accounted

for by the transverse momentum cut. 40 MeV is less than the mass of the pion, and so violates

an assumption of our power counting. Increasing this cut would correspondingly decrease the

number of detected particles, while not a↵ecting our fit value for hp?i.
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of pseudorapidity, dN/d⌘, in 8 TeV pp collisions. Our prediction for the pseudorapidity distri-

bution is just a normalized probability distribution, so we multiply by a factor to fit data. As

mentioned earlier, our present formulation of the expansion of the minimum bias cross section

does not enable us to predict the multiplicity distribution, so we can’t predict the overall nor-

malization here. In general, we find good agreement between our prediction and data, with a

noticeable lack of a dip in our prediction near ⌘ = 0. Hadrons are of course massive particles

and there is a distinction between their rapidity and pseudorapidity which is manifest as the

dip in the pseudorapidity distribution. We assumed that the transverse momentum of particles

is much larger than their mass, so we ignore the pseudo/rapidity distinction. However, the

data include particles with transverse momentum above 40 MeV which includes hadrons with

transverse momentum comparable to their mass.

3.2 Transverse Momentum Distributions

We now turn to understanding transverse momentum distributions in pp collisions. The set-

up for this analysis will be the same as that for pseudorapidity. We take the squared matrix

element for the detected particles |M|
2 = 1 and take the large-N limit of phase space. The

first steps are therefore very similar to that for pseudorapidity, so we won’t repeat them here.

From Eq. (3.2), the flat phase space distribution of the transverse momentum is
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Unlike the pseudorapidity distribution, the transverse momentum distribution depends

explicitly on the number of detected particles N . This number fluctuates event-by-event and

we do not predict the multiplicity distribution. So, instead, we will re-write this distribution

in terms of the mean transverse momentum, which we can calculate and is unique over an

ensemble of collision events. This mean is
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Unlike the pseudorapidity distribution, the transverse momentum distribution depends

explicitly on the number of detected particles N . This number fluctuates event-by-event and

we do not predict the multiplicity distribution. So, instead, we will re-write this distribution

in terms of the mean transverse momentum, which we can calculate and is unique over an

ensemble of collision events. This mean is
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With f(x) from Eq. (3.6), the mean transverse momentum is
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Data of the transverse momentum distribution are often displayed as a number density per

phase space volume, and so what we will plot is actually
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Note that once we determine f(x) from pseudorapidity data, the prediction of the transverse

momentum distribution only depends on a single parameter, hp?i. Additionally, a cut on the

maximum pseudorapidity of particles that contribute to this distribution can be incorporated,

as such a cut is always imposed in data. However, any such cut that is relevant experimentally

has an exceedingly small e↵ect on the transverse momentum distribution, so we will not include

it in what follows.

The reason for e↵ective independence on a pseudorapidity cut is as follows. In the large

n limit, the transverse momentum distribution of Eq. (3.14) is itself independent of n. The
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ignoring overall constant factors. Now, with n � 1, we can saddle-point approximate the

exponential. The value of x for which the exponent factor is minimized is
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Just setting x in the integrand equal to this minimum value, taking n ! 1 and ignoring

non-exponential factors, we have
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As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
2/3
? . Fractional dispersion relations

are very strange, but can arise from integrating out a gapless subsystem of a larger system
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Unlike the pseudorapidity distribution, the transverse momentum distribution depends

explicitly on the number of detected particles N . This number fluctuates event-by-event and

we do not predict the multiplicity distribution. So, instead, we will re-write this distribution
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Transverse momentum distribution
The distribution on unsmeared phase space can be shown to be a 
Bessel function

The function f is now fixed, no wiggle-room

See edge of validity of the effective 
min bias description, does not agree 
at high pT as one would expect

7 TeV pp collisions
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Note that once we determine f(x) from pseudorapidity data, the prediction of the transverse

momentum distribution only depends on a single parameter, hp?i. Additionally, a cut on the

maximum pseudorapidity of particles that contribute to this distribution can be incorporated,

as such a cut is always imposed in data. However, any such cut that is relevant experimentally

has an exceedingly small e↵ect on the transverse momentum distribution, so we will not include

it in what follows.

The reason for e↵ective independence on a pseudorapidity cut is as follows. In the large
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ignoring overall constant factors. Now, with n � 1, we can saddle-point approximate the
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As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
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Figure 4: Transverse momentum distribution of charged particles in minimum bias events in
p

s = 2.76 TeV pp collisions at ATLAS from Ref. [44] compared to our asymptotic prediction

and a Tsallis distribution. The data have an |⌘| < 2 cut on the charged particles. In our

prediction of Eq. (3.19), we set the parameter hp?i = 0.5 GeV and the parameters of the

Tsallis distribution are n = 6.6 and T = 0.12 GeV.

However, with the approximations that we have made thus far, we can estimate where

our description of the transverse momentum distribution should break down. In the deriva-

tion of our results, an important approximation that we made in the large-N limit was that

momentum conservation could be ignored, which in turn resulted in an exponential appearing

in the calculation of distributions on flat phase space in Eq. (3.2). By carefully analyzing this

approximation, we can identify where it breaks down. First, the large-N flat phase space factor

can be written as
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So far, this is exact, but higher-order terms in the exponent can be safely ignored only if
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� is the total squared energy of the detected particles. In coordinates that we
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is relatively weak, the multiplicity scales with a fractional power of Q:

N ⇠ Q
1/2 = s

1/4
. (3.26)

This particular fractional power scaling is a prediction of the Fermi-Landau model [65–68]. In

the context of our analysis here, we note that it is a consequence of our particular choice of

the function f(x) in the smeared cross section. Additionally, the inclusion of a squared matrix

element with non-trivial dependence on the detected particles will a↵ect this scaling. Data

prefer a slightly smaller power-law scaling of the multiplicity, e.g., Ref. [61] in which a power

law of s
0.11 fits the charged particle multiplicity over decades of collision energies. Nevertheless,

this simple result within the context of our large-N expansion suggests that an appropriate

squared matrix element could fit the data. We leave a more detailed analysis of the collision

energy dependence of the multiplicity to future work.

Data of transverse momentum distributions in minimum bias are often compared to Tsallis

distributions [69–71] that assume there are fluctuations in the N particle final state that are

quantified by a non-extensive form of entropy. This is an intriguing interpretation and the

success of such models may point to fundamental fractal-like structure of particles produced

in minimum bias collisions. While not inconsistent with this interpretation, our expansion of

the minimum bias cross section has a more mundane understanding as a consequence of the

symmetries of these collision events. Further, the Tsallis distribution reduces to a power law at

large transverse momentum, while our smeared prediction is exponential, though dependent on

a fractional power of transverse momentum. A detailed study to distinguish the consequences of

these two (or other) models of minimum bias dynamics may reveal the microscopic description

of these events and lead to an e↵ective field theory in which precision calculations can be

performed.

3.2.1 Limit of Large-N Expansion

With data that extends to higher values of transverse momentum, we can see the limit of

our prediction, with the assumptions we have made thus far. In particular, we have assumed

that the squared matrix element is just 1, which is its expression at lowest order in the 1/N

expansion. However, at higher transverse momentum, higher order terms in the squared matrix

element become more important and may be necessary to describe the distribution. In Fig. 4,

we compare charged particle transverse momentum distribution data from
p

s = 2.76 TeV pp

collisions to our asymptotic prediction of Eq. (3.19) and a Tsallis distribution. This Tsallis

distribution takes the form
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, (3.27)

for parameters n and T . In the plot, we have set the parameters in our prediction and the

Tsallis distribution to be hp?i = 0.5 GeV, n = 6.6 and T = 0.12 GeV. At low transverse

momentum, both our prediction and the Tsallis distribution follow the data extremely well,

but around 5 GeV, our prediction exponentially drops, while the Tsallis distribution largely

follows the power-law distribution at high transverse momentum. It would be interesting to

study the e↵ect of maintaining momentum conservation in our prediction and non-trivial terms

in the matrix element to see if they can reproduce the high-p? tail, but we leave that to future

work.
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of pseudorapidity, dN/d⌘, in 8 TeV pp collisions. Our prediction for the pseudorapidity distri-

bution is just a normalized probability distribution, so we multiply by a factor to fit data. As

mentioned earlier, our present formulation of the expansion of the minimum bias cross section

does not enable us to predict the multiplicity distribution, so we can’t predict the overall nor-

malization here. In general, we find good agreement between our prediction and data, with a

noticeable lack of a dip in our prediction near ⌘ = 0. Hadrons are of course massive particles

and there is a distinction between their rapidity and pseudorapidity which is manifest as the

dip in the pseudorapidity distribution. We assumed that the transverse momentum of particles

is much larger than their mass, so we ignore the pseudo/rapidity distinction. However, the

data include particles with transverse momentum above 40 MeV which includes hadrons with

transverse momentum comparable to their mass.

3.2 Transverse Momentum Distributions

We now turn to understanding transverse momentum distributions in pp collisions. The set-

up for this analysis will be the same as that for pseudorapidity. We take the squared matrix

element for the detected particles |M|
2 = 1 and take the large-N limit of phase space. The

first steps are therefore very similar to that for pseudorapidity, so we won’t repeat them here.

From Eq. (3.2), the flat phase space distribution of the transverse momentum is
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Unlike the pseudorapidity distribution, the transverse momentum distribution depends

explicitly on the number of detected particles N . This number fluctuates event-by-event and

we do not predict the multiplicity distribution. So, instead, we will re-write this distribution

in terms of the mean transverse momentum, which we can calculate and is unique over an

ensemble of collision events. This mean is
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of pseudorapidity, dN/d⌘, in 8 TeV pp collisions. Our prediction for the pseudorapidity distri-

bution is just a normalized probability distribution, so we multiply by a factor to fit data. As

mentioned earlier, our present formulation of the expansion of the minimum bias cross section

does not enable us to predict the multiplicity distribution, so we can’t predict the overall nor-

malization here. In general, we find good agreement between our prediction and data, with a

noticeable lack of a dip in our prediction near ⌘ = 0. Hadrons are of course massive particles
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Unlike the pseudorapidity distribution, the transverse momentum distribution depends

explicitly on the number of detected particles N . This number fluctuates event-by-event and
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[64]. This is essentially what we did here: the beam remnants were gapless, but we exclusively

wanted an e↵ective description of the detected particles. Integrating out gapless modes in-

troduces non-locality in the e↵ective theory, which is manifested as a non-analytic dispersion

relation. In particular, note that the non-analyticity is not present in the flat phase space

distribution of Eq. (3.10). The asymptotic form of the Bessel function implies that

pflat(p?) ⇠ e
�⇡

2
p?

hp?i , (3.20)

ignoring overall non-exponential factors. No gapless modes are integrated out on flat phase

space, hence the dispersion relation ! / k? is analytic. The particular form of the dispersion

relation implied by Eq. (3.19) may provide a hint towards the construction of an e↵ective field

theory for minimum bias based on spontaneously broken symmetry breaking patterns, but we

leave that to future work.

We can also verify the consistency of our transverse momentum prediction, within the

framework of our assumed power counting. The second moment of the transverse momentum

is
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where the final equality is the large n limit of the second moment of the distribution of

Eq. (3.14). Then, the root mean square and expectation value of the transverse momentum

are related by q
hp2?i =

8

⇡3/2
hp?i ' 1.44hp?i , (3.22)

satisfying our power counting of
q

hp2?i ⇠ hp?i and demonstrating consistency of our predic-

tion.

With this prediction for the transverse momentum distribution, we can compare it to

collider data. Fig. 3 shows the transverse momentum distribution of charged particles in

minimum bias events in
p

s = 7 TeV pp collisions at CMS from Ref. [47]. A pseudorapidity cut

of |⌘| < 2.4 is also imposed, but, as mentioned earlier, that will not matter for our prediction.

This figure also plots the asymptotic form of our prediction from Eq. (3.19) where we have

set the parameter hp?i = 0.65 GeV, as well as the transverse momentum distribution on flat

N -body phase space. Our prediction is in remarkably good agreement with the data over

the plotted range of transverse momentum. We want to emphasize that once the form of

the smearing function f(x) is determined from pseudorapidity data, our prediction for the

transverse momentum distribution depends on only one parameter, the mean value of the

transverse momentum.

While we are unable to directly predict the multiplicity distribution from this framework,

we can nevertheless demonstrate consistency between parameters in the expansion of the cross

section with measured values of the mean multiplicity. From Eq. (3.13), the expected value of

N with our choice for the form of the function f(x) is

N '
⇡
3/2

Q

8
p

nhp?i
. (3.23)
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With f(x) from Eq. (3.6), the mean transverse momentum is
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in the n ! 1 limit. The p? distribution with this form of f(x) is
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Data of the transverse momentum distribution are often displayed as a number density per

phase space volume, and so what we will plot is actually

1
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dN
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/

p(p?)

p?
. (3.15)

Note that once we determine f(x) from pseudorapidity data, the prediction of the transverse

momentum distribution only depends on a single parameter, hp?i. Additionally, a cut on the

maximum pseudorapidity of particles that contribute to this distribution can be incorporated,

as such a cut is always imposed in data. However, any such cut that is relevant experimentally

has an exceedingly small e↵ect on the transverse momentum distribution, so we will not include

it in what follows.

The reason for e↵ective independence on a pseudorapidity cut is as follows. In the large

n limit, the transverse momentum distribution of Eq. (3.14) is itself independent of n. The

Bessel function has an asymptotic form of

K0(z) !
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, (3.16)

for z � 1. With this approximation, the distribution is
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ignoring overall constant factors. Now, with n � 1, we can saddle-point approximate the

exponential. The value of x for which the exponent factor is minimized is
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Just setting x in the integrand equal to this minimum value, taking n ! 1 and ignoring

non-exponential factors, we have

p(p?) ⇠ e
� 3⇡

4

p
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hp?i2/3 . (3.19)

As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
2/3
? . Fractional dispersion relations

are very strange, but can arise from integrating out a gapless subsystem of a larger system
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[64]. This is essentially what we did here: the beam remnants were gapless, but we exclusively

wanted an e↵ective description of the detected particles. Integrating out gapless modes in-

troduces non-locality in the e↵ective theory, which is manifested as a non-analytic dispersion

relation. In particular, note that the non-analyticity is not present in the flat phase space

distribution of Eq. (3.10). The asymptotic form of the Bessel function implies that

pflat(p?) ⇠ e
�⇡

2
p?

hp?i , (3.20)

ignoring overall non-exponential factors. No gapless modes are integrated out on flat phase

space, hence the dispersion relation ! / k? is analytic. The particular form of the dispersion

relation implied by Eq. (3.19) may provide a hint towards the construction of an e↵ective field

theory for minimum bias based on spontaneously broken symmetry breaking patterns, but we

leave that to future work.

We can also verify the consistency of our transverse momentum prediction, within the

framework of our assumed power counting. The second moment of the transverse momentum

is
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where the final equality is the large n limit of the second moment of the distribution of

Eq. (3.14). Then, the root mean square and expectation value of the transverse momentum

are related by q
hp2?i =

8

⇡3/2
hp?i ' 1.44hp?i , (3.22)

satisfying our power counting of
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hp2?i ⇠ hp?i and demonstrating consistency of our predic-

tion.

With this prediction for the transverse momentum distribution, we can compare it to

collider data. Fig. 3 shows the transverse momentum distribution of charged particles in

minimum bias events in
p

s = 7 TeV pp collisions at CMS from Ref. [47]. A pseudorapidity cut

of |⌘| < 2.4 is also imposed, but, as mentioned earlier, that will not matter for our prediction.

This figure also plots the asymptotic form of our prediction from Eq. (3.19) where we have

set the parameter hp?i = 0.65 GeV, as well as the transverse momentum distribution on flat

N -body phase space. Our prediction is in remarkably good agreement with the data over

the plotted range of transverse momentum. We want to emphasize that once the form of

the smearing function f(x) is determined from pseudorapidity data, our prediction for the

transverse momentum distribution depends on only one parameter, the mean value of the

transverse momentum.

While we are unable to directly predict the multiplicity distribution from this framework,

we can nevertheless demonstrate consistency between parameters in the expansion of the cross

section with measured values of the mean multiplicity. From Eq. (3.13), the expected value of

N with our choice for the form of the function f(x) is
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[64]. This is essentially what we did here: the beam remnants were gapless, but we exclusively

wanted an e↵ective description of the detected particles. Integrating out gapless modes in-

troduces non-locality in the e↵ective theory, which is manifested as a non-analytic dispersion

relation. In particular, note that the non-analyticity is not present in the flat phase space

distribution of Eq. (3.10). The asymptotic form of the Bessel function implies that

pflat(p?) ⇠ e
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2
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hp?i , (3.20)

ignoring overall non-exponential factors. No gapless modes are integrated out on flat phase

space, hence the dispersion relation ! / k? is analytic. The particular form of the dispersion

relation implied by Eq. (3.19) may provide a hint towards the construction of an e↵ective field

theory for minimum bias based on spontaneously broken symmetry breaking patterns, but we

leave that to future work.
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where the final equality is the large n limit of the second moment of the distribution of
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tion.

With this prediction for the transverse momentum distribution, we can compare it to
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of |⌘| < 2.4 is also imposed, but, as mentioned earlier, that will not matter for our prediction.
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Figure 3: Transverse momentum distribution of charged particles in minimum bias events in
p

s = 7 TeV pp collisions at CMS from Ref. [47] compared to our prediction. The data have

an |⌘| < 2.4 cut on the charged particles. Our prediction from the asymptotic expression of

Eq. (3.19) (solid) uses hp?i = 0.65 GeV, and also plotted is the distribution on flat phase space

of Eq. (3.10) (dashed).

Fitting the 7 TeV data from CMS in Fig. 3 fixes hp?i = 0.65 GeV, and from the 8 TeV

CMS+TOTEM data of the pseudorapidity distribution from Fig. 2, we fit n = 1.6⇥105. While

these data are from di↵erent collision energies and so are perhaps not directly comparable and

interpretable from one to the other, we only anticipate logarithmic dependence on center-

of-mass collision energy, so their distinction should be minimal when applied to our (rather

coarse) scaling predictions. Taking these values along with Q = 8 TeV, the expected value of

the detected multiplicity from Eq. (3.23) is then

N ' 21 . (3.24)

While this is a very simple and crude prediction, it is nevertheless in the same order-of-

magnitude as the number of observed charged particles from Fig. 2, for example. In that

figure, the number density of charged particles with transverse momentum greater than 40

MeV is roughly 6.5 per unit pseudorapidity for |⌘| . 5.5. So, there are roughly 72 charged

particles in each event. Our prediction is about a factor of 3 smaller, which is likely accounted

for by the transverse momentum cut. 40 MeV is less than the mass of the pion, and so violates

an assumption of our power counting. Increasing this cut would correspondingly decrease the

number of detected particles, while not a↵ecting our fit value for hp?i.

Further, the expression for multiplicity N from Eq. (3.23) implies a non-trivial dependence

on the center-of-mass collision energy. First, note that the value of n in the form of the function

f(x) is related to the collision energy Q through Eq. (3.8):

⌘max ' log
Q

p?cut
' log n . (3.25)

Here, p?cut is the experimental lower bound on detected particle transverse momentum. Then,

as long as the dependence of the mean transverse momentum hp?i on the collision energy Q
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With f(x) from Eq. (3.6), the mean transverse momentum is
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in the n ! 1 limit. The p? distribution with this form of f(x) is
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Data of the transverse momentum distribution are often displayed as a number density per

phase space volume, and so what we will plot is actually

1

2⇡p?

dN

dp?
/

p(p?)

p?
. (3.15)

Note that once we determine f(x) from pseudorapidity data, the prediction of the transverse

momentum distribution only depends on a single parameter, hp?i. Additionally, a cut on the

maximum pseudorapidity of particles that contribute to this distribution can be incorporated,

as such a cut is always imposed in data. However, any such cut that is relevant experimentally

has an exceedingly small e↵ect on the transverse momentum distribution, so we will not include

it in what follows.

The reason for e↵ective independence on a pseudorapidity cut is as follows. In the large

n limit, the transverse momentum distribution of Eq. (3.14) is itself independent of n. The

Bessel function has an asymptotic form of

K0(z) !

r
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e
�z

, (3.16)

for z � 1. With this approximation, the distribution is
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ignoring overall constant factors. Now, with n � 1, we can saddle-point approximate the

exponential. The value of x for which the exponent factor is minimized is

xmin =
⇡

4n

p
2/3
?

hp?i2/3
. (3.18)

Just setting x in the integrand equal to this minimum value, taking n ! 1 and ignoring

non-exponential factors, we have

p(p?) ⇠ e
� 3⇡

4

p
2/3
?

hp?i2/3 . (3.19)

As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
2/3
? . Fractional dispersion relations

are very strange, but can arise from integrating out a gapless subsystem of a larger system
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The predictions include 
In the  limit, the symmetries of min bias events and central 
limit theorem require the matrix element is exclusively a function of 
the total energy of the observed final state particles
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N ! 1

The distribution of particle transverse momentum is universal, and 
depends on a single parameter, with fractional dispersion relation

By a positivity condition, all azimuthal correlations vanish as  
at fixed collision energy
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N ! 1

(From power counting and symmetries)

Scaling of multiplicity with collider energy



In conclusion

Min bias is theoretically interesting: there is a 
curious setup for an EFT (fractional dispersions/ 

partition functions/unusual expansion parameter)

Provide a collection of first principles 
predictions e.g.: particular scalings in N; 

dispersion relations; scalings in s 
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The predictions include 
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N ! 1

The distribution of particle transverse momentum is universal, and 
depends on a single parameter, with fractional dispersion relation

By a positivity condition, all azimuthal correlations vanish as  
at fixed collision energy
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N ! 1

(From power counting and symmetries)
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Figure 3: Transverse momentum distribution of charged particles in minimum bias events in
p

s = 7 TeV pp collisions at CMS from Ref. [47] compared to our prediction. The data have

an |⌘| < 2.4 cut on the charged particles. Our prediction from the asymptotic expression of

Eq. (3.19) (solid) uses hp?i = 0.65 GeV, and also plotted is the distribution on flat phase space

of Eq. (3.10) (dashed).

Fitting the 7 TeV data from CMS in Fig. 3 fixes hp?i = 0.65 GeV, and from the 8 TeV

CMS+TOTEM data of the pseudorapidity distribution from Fig. 2, we fit n = 1.6⇥105. While

these data are from di↵erent collision energies and so are perhaps not directly comparable and

interpretable from one to the other, we only anticipate logarithmic dependence on center-

of-mass collision energy, so their distinction should be minimal when applied to our (rather

coarse) scaling predictions. Taking these values along with Q = 8 TeV, the expected value of

the detected multiplicity from Eq. (3.23) is then

N ' 21 . (3.24)

While this is a very simple and crude prediction, it is nevertheless in the same order-of-

magnitude as the number of observed charged particles from Fig. 2, for example. In that

figure, the number density of charged particles with transverse momentum greater than 40

MeV is roughly 6.5 per unit pseudorapidity for |⌘| . 5.5. So, there are roughly 72 charged

particles in each event. Our prediction is about a factor of 3 smaller, which is likely accounted

for by the transverse momentum cut. 40 MeV is less than the mass of the pion, and so violates

an assumption of our power counting. Increasing this cut would correspondingly decrease the

number of detected particles, while not a↵ecting our fit value for hp?i.

Further, the expression for multiplicity N from Eq. (3.23) implies a non-trivial dependence

on the center-of-mass collision energy. First, note that the value of n in the form of the function

f(x) is related to the collision energy Q through Eq. (3.8):

⌘max ' log
Q

p?cut
' log n . (3.25)

Here, p?cut is the experimental lower bound on detected particle transverse momentum. Then,

as long as the dependence of the mean transverse momentum hp?i on the collision energy Q
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Little n was fixed by pseudorapidity falloff
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With f(x) from Eq. (3.6), the mean transverse momentum is
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in the n ! 1 limit. The p? distribution with this form of f(x) is
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Data of the transverse momentum distribution are often displayed as a number density per

phase space volume, and so what we will plot is actually

1

2⇡p?

dN

dp?
/

p(p?)

p?
. (3.15)

Note that once we determine f(x) from pseudorapidity data, the prediction of the transverse

momentum distribution only depends on a single parameter, hp?i. Additionally, a cut on the

maximum pseudorapidity of particles that contribute to this distribution can be incorporated,

as such a cut is always imposed in data. However, any such cut that is relevant experimentally

has an exceedingly small e↵ect on the transverse momentum distribution, so we will not include

it in what follows.

The reason for e↵ective independence on a pseudorapidity cut is as follows. In the large

n limit, the transverse momentum distribution of Eq. (3.14) is itself independent of n. The

Bessel function has an asymptotic form of

K0(z) !

r
⇡

2z
e
�z

, (3.16)

for z � 1. With this approximation, the distribution is

p(p?) ⇠
p

p?

Z 1

0
dx log

1

x

e
�nx� ⇡3/2p?

4hp?i
p

xn

x3/4
, (3.17)

ignoring overall constant factors. Now, with n � 1, we can saddle-point approximate the

exponential. The value of x for which the exponent factor is minimized is

xmin =
⇡

4n

p
2/3
?

hp?i2/3
. (3.18)

Just setting x in the integrand equal to this minimum value, taking n ! 1 and ignoring

non-exponential factors, we have

p(p?) ⇠ e
� 3⇡

4

p
2/3
?

hp?i2/3 . (3.19)

As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
2/3
? . Fractional dispersion relations

are very strange, but can arise from integrating out a gapless subsystem of a larger system
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As the value of n in turn determines the maximum value of pseudorapidity according to

Eq. (3.8), as long as n is large enough, any dependence on a pseudorapidity cut is eliminated.

This probability distribution is like the Boltzmann factor for the “gas” of N detected

particles. Hence, they have a dispersion relation of ! / k
2/3
? . Fractional dispersion relations

are very strange, but can arise from integrating out a gapless subsystem of a larger system
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Scaling of multiplicity with collider energyis relatively weak, the multiplicity scales with a fractional power of Q:

N ⇠ Q
1/2 = s

1/4
. (3.26)

This particular fractional power scaling is a prediction of the Fermi-Landau model [65–68]. In

the context of our analysis here, we note that it is a consequence of our particular choice of

the function f(x) in the smeared cross section. Additionally, the inclusion of a squared matrix

element with non-trivial dependence on the detected particles will a↵ect this scaling. Data

prefer a slightly smaller power-law scaling of the multiplicity, e.g., Ref. [61] in which a power

law of s
0.11 fits the charged particle multiplicity over decades of collision energies. Nevertheless,

this simple result within the context of our large-N expansion suggests that an appropriate

squared matrix element could fit the data. We leave a more detailed analysis of the collision

energy dependence of the multiplicity to future work.

Data of transverse momentum distributions in minimum bias are often compared to Tsallis

distributions [69–71] that assume there are fluctuations in the N particle final state that are

quantified by a non-extensive form of entropy. This is an intriguing interpretation and the

success of such models may point to fundamental fractal-like structure of particles produced

in minimum bias collisions. While not inconsistent with this interpretation, our expansion of

the minimum bias cross section has a more mundane understanding as a consequence of the

symmetries of these collision events. Further, the Tsallis distribution reduces to a power law at

large transverse momentum, while our smeared prediction is exponential, though dependent on

a fractional power of transverse momentum. A detailed study to distinguish the consequences of

these two (or other) models of minimum bias dynamics may reveal the microscopic description

of these events and lead to an e↵ective field theory in which precision calculations can be

performed.

3.2.1 Limit of Large-N Expansion

With data that extends to higher values of transverse momentum, we can see the limit of

our prediction, with the assumptions we have made thus far. In particular, we have assumed

that the squared matrix element is just 1, which is its expression at lowest order in the 1/N

expansion. However, at higher transverse momentum, higher order terms in the squared matrix

element become more important and may be necessary to describe the distribution. In Fig. 4,

we compare charged particle transverse momentum distribution data from
p

s = 2.76 TeV pp

collisions to our asymptotic prediction of Eq. (3.19) and a Tsallis distribution. This Tsallis

distribution takes the form
1

2⇡p?

d�

dp?
/

⇣
1 +

p?
nT

⌘�n
, (3.27)

for parameters n and T . In the plot, we have set the parameters in our prediction and the

Tsallis distribution to be hp?i = 0.5 GeV, n = 6.6 and T = 0.12 GeV. At low transverse

momentum, both our prediction and the Tsallis distribution follow the data extremely well,

but around 5 GeV, our prediction exponentially drops, while the Tsallis distribution largely

follows the power-law distribution at high transverse momentum. It would be interesting to

study the e↵ect of maintaining momentum conservation in our prediction and non-trivial terms

in the matrix element to see if they can reproduce the high-p? tail, but we leave that to future

work.
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h and pT distributions of charged particles in pp at
p

s = 13 TeV ALICE Collaboration
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Fig. 2: Charged-particle pseudorapidity density measured in the central pseudorapidity region |h |< 0.5 for INEL
and INEL>0 events [4–6, 15, 29–33]. The uncertainties are the quadratic sum of statistical and systematic con-
tributions. The lines are power-law fits of the energy dependence of the data and the grey bands represent the
standard deviation of the fits.

EPOS LHC1 [27, 28] in both the INEL and INEL>0 event classes. PYTHIA 6 calculations are in better
agreement with the data than PYTHIA 8 in both classes, with PYTHIA 8 being higher than the data by
about 12% (7%) in INEL events and about 7% (3%) in INEL>0 events at h ⇠ 0 (h ⇠ 1.5). EPOS LHC
calculations are about 7% (4%) and about 7% (5%) higher than the data in INEL and INEL>0 events,
respectively, at h ⇠ 0 (h ⇠ 1.5). In Fig. 2 we show a compilation of results on pseudorapidity density
of charged particles measured in |h | < 0.5 for the INEL and INEL>0 results at different proton-proton
collider energies [4–6, 15, 29–33]. The energy dependence of hdNch/dhi is parametrised by the power
law as

b fitted to data, where a and b are free parameters. By combining the data at lower energies with
ALICE and CMS results at

p
s = 13 TeV, we obtain b = 0.103±0.002 and b = 0.111±0.004 for INEL

and INEL>0 event classes, respectively. Notice that the fit results assume that uncertainties at different
centre-of-mass energies are independent, which is not strictly the case.

Figure 3 presents the measured pT spectrum and its comparison with calculations with PYTHIA 6
(Perugia-2011), PYTHIA 8 (Monash-2013) and EPOS LHC. For bulk particle production, the mech-
anism of colour reconnection is an important one in the PYTHIA models (see discussion below and in
ref. [34]). EPOS is a model based on the Gribov-Regge theory at parton level [27]. Collective (flow-like)
effects are incorporated in the EPOS3 version [35] and treated via parametrisations in the EPOS LHC
version [28]. These event generators, benefitting from the tuning performed on the LHC data in Run
1, describe the pT spectrum reasonably well, although not in detail. It is interesting to note that both
PYTHIA 8 and EPOS LHC models show a similar pattern in the ratio to data with discrepancies up to
20% and that PYTHIA 6 overestimates particle production at high pT.

Figure 4 shows the ratio of transverse-momentum spectra of charged particles at
p

s = 13 TeV and 7 TeV.
The published data at

p
s = 7 TeV [10] were for INEL events. We have recalculated the normalisation

of the spectrum to correspond to INEL>0 events in a similar manner as done for
p

s = 13 TeV. The

1Calculations performed with CRMC package version 1.5.3.
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observation of a harder spectrum is related to the differ-
ent pseudorapidity windows (see below).

In the right panel of Fig. 3, the normalized invari-
ant yield in NSD events is compared to measurements
of the UA1 collaboration in pp̄ at the same energy [21],
scaled by their measured NSD cross section of 43.5 mb.
As in the previous comparison to ATLAS and CMS, the
higher yield at large pT may be related to the different
pseudorapidity acceptances. The excess of the UA1 data
of about 20% at low pT is possibly due to the UA1 trig-
ger condition, which suppresses events with very low
multiplicity, as pointed out in [19].

The results for 〈pT 〉 in INEL and NSD events are
compared to other experiments [20, 21, 22, 23, 24, 25]
in Fig. 4. Our results are somewhat higher than pre-
vious measurements in pp and pp̄ at the same energy,
but in larger pseudorapidity windows. This is consistent
with the comparison of the spectra in Fig. 3. A similar
trend exhibiting a larger 〈pT 〉 in a smaller pseudorapid-
ity interval around mid-rapidity is apparent in Fig. 4 at
Tevatron energies.
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Figure 4: Energy dependence of the average transverse momentum of
primary charged particles in pp and pp̄ collisions. Data from other
experiments are taken from [20, 21, 22, 23, 24, 25].

Indeed, a decrease of 〈pT 〉 by about 2% is found
between |η| < 0.2 and 0.6 < |η| < 0.8 in a pseudora-
pidity dependent analysis of the present data. A consis-

tent decrease of 〈pT 〉 is also observed in the CMS data,
when pseudorapidity is increased [20, 26]. Likewise, a
decrease of 〈pT 〉 by about 5% between |η| < 0.8 and
|η| < 2.5 is found at

√
s = 900 GeV in PYTHIA.

Charged particle transverse momentum distribu-
tions can be used to tune Monte Carlo event gener-
ators of hadron-hadron interactions, such as PYTHIA
and PHOJET. Recently, PYTHIA was tuned to describe
the energy dependence of existing measurements, e.g.
with respect to the treatment of multiple parton inter-
actions and divergencies of the 2→2 parton scattering
cross-section at small momentum transfers.

-2
) (

G
eV

/c
)

T
 d

p
η

)/(
d

chN2
) (

d
T

 pπ
 1

/(2
ev

t
1/

N

-710

-610

-510

-410

-310

-210

-110

1

10

 | < 0.8η = 900 GeV, | spp, INEL, 
ALICE data
PHOJET
PYTHIA D6T (109)
PYTHIA ATLAS-CSC (306)
PYTHIA Perugia0 (320)

 (GeV/c)
T

p
-110 1 10

ra
tio

0.4
0.6
0.8

1
1.2
1.4
1.6 ALICE data uncertainties

MC / data

Figure 5: Top: Comparison of the primary charged particle differen-
tial yield in INEL pp collisions at

√
s = 900 GeV (|η| < 0.8) to results

from PHOJET and PYTHIA tunes 109 [12], 306 [28] and 320 [27].
Bottom: Ratio between the Monte Carlo simulation and the data. The
shaded area indicates the statistical and systematic errors of the AL-
ICE data added in quadrature.

In Fig. 5, the results for INEL events are com-
pared to PHOJET and different tunes of PYTHIA, D6T
(tune 109) [12], Perugia0 (tune 320) [27] and ATLAS-
CSC (tune 306) [28]. The best agreement is found
with the Perugia0 tune, which gives a fair description
of the spectral shape, but is approximately 20% below
the data. The D6T tune is similar to Perugia0 below
2 GeV/c but underestimates the data more significantly
at high pT . PHOJET and the PYTHIA ATLAS-CSC
tune fail to reproduce the spectral shape of the data.
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Scaling of multiplicity with collider energyis relatively weak, the multiplicity scales with a fractional power of Q:

N ⇠ Q
1/2 = s

1/4
. (3.26)

This particular fractional power scaling is a prediction of the Fermi-Landau model [65–68]. In

the context of our analysis here, we note that it is a consequence of our particular choice of

the function f(x) in the smeared cross section. Additionally, the inclusion of a squared matrix

element with non-trivial dependence on the detected particles will a↵ect this scaling. Data

prefer a slightly smaller power-law scaling of the multiplicity, e.g., Ref. [61] in which a power

law of s
0.11 fits the charged particle multiplicity over decades of collision energies. Nevertheless,

this simple result within the context of our large-N expansion suggests that an appropriate

squared matrix element could fit the data. We leave a more detailed analysis of the collision

energy dependence of the multiplicity to future work.

Data of transverse momentum distributions in minimum bias are often compared to Tsallis

distributions [69–71] that assume there are fluctuations in the N particle final state that are

quantified by a non-extensive form of entropy. This is an intriguing interpretation and the

success of such models may point to fundamental fractal-like structure of particles produced

in minimum bias collisions. While not inconsistent with this interpretation, our expansion of

the minimum bias cross section has a more mundane understanding as a consequence of the

symmetries of these collision events. Further, the Tsallis distribution reduces to a power law at

large transverse momentum, while our smeared prediction is exponential, though dependent on

a fractional power of transverse momentum. A detailed study to distinguish the consequences of

these two (or other) models of minimum bias dynamics may reveal the microscopic description

of these events and lead to an e↵ective field theory in which precision calculations can be

performed.

3.2.1 Limit of Large-N Expansion

With data that extends to higher values of transverse momentum, we can see the limit of

our prediction, with the assumptions we have made thus far. In particular, we have assumed

that the squared matrix element is just 1, which is its expression at lowest order in the 1/N

expansion. However, at higher transverse momentum, higher order terms in the squared matrix

element become more important and may be necessary to describe the distribution. In Fig. 4,

we compare charged particle transverse momentum distribution data from
p

s = 2.76 TeV pp

collisions to our asymptotic prediction of Eq. (3.19) and a Tsallis distribution. This Tsallis

distribution takes the form
1
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for parameters n and T . In the plot, we have set the parameters in our prediction and the

Tsallis distribution to be hp?i = 0.5 GeV, n = 6.6 and T = 0.12 GeV. At low transverse

momentum, both our prediction and the Tsallis distribution follow the data extremely well,

but around 5 GeV, our prediction exponentially drops, while the Tsallis distribution largely

follows the power-law distribution at high transverse momentum. It would be interesting to

study the e↵ect of maintaining momentum conservation in our prediction and non-trivial terms

in the matrix element to see if they can reproduce the high-p? tail, but we leave that to future

work.
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Fig. 2: Charged-particle pseudorapidity density measured in the central pseudorapidity region |h |< 0.5 for INEL
and INEL>0 events [4–6, 15, 29–33]. The uncertainties are the quadratic sum of statistical and systematic con-
tributions. The lines are power-law fits of the energy dependence of the data and the grey bands represent the
standard deviation of the fits.

EPOS LHC1 [27, 28] in both the INEL and INEL>0 event classes. PYTHIA 6 calculations are in better
agreement with the data than PYTHIA 8 in both classes, with PYTHIA 8 being higher than the data by
about 12% (7%) in INEL events and about 7% (3%) in INEL>0 events at h ⇠ 0 (h ⇠ 1.5). EPOS LHC
calculations are about 7% (4%) and about 7% (5%) higher than the data in INEL and INEL>0 events,
respectively, at h ⇠ 0 (h ⇠ 1.5). In Fig. 2 we show a compilation of results on pseudorapidity density
of charged particles measured in |h | < 0.5 for the INEL and INEL>0 results at different proton-proton
collider energies [4–6, 15, 29–33]. The energy dependence of hdNch/dhi is parametrised by the power
law as

b fitted to data, where a and b are free parameters. By combining the data at lower energies with
ALICE and CMS results at

p
s = 13 TeV, we obtain b = 0.103±0.002 and b = 0.111±0.004 for INEL

and INEL>0 event classes, respectively. Notice that the fit results assume that uncertainties at different
centre-of-mass energies are independent, which is not strictly the case.

Figure 3 presents the measured pT spectrum and its comparison with calculations with PYTHIA 6
(Perugia-2011), PYTHIA 8 (Monash-2013) and EPOS LHC. For bulk particle production, the mech-
anism of colour reconnection is an important one in the PYTHIA models (see discussion below and in
ref. [34]). EPOS is a model based on the Gribov-Regge theory at parton level [27]. Collective (flow-like)
effects are incorporated in the EPOS3 version [35] and treated via parametrisations in the EPOS LHC
version [28]. These event generators, benefitting from the tuning performed on the LHC data in Run
1, describe the pT spectrum reasonably well, although not in detail. It is interesting to note that both
PYTHIA 8 and EPOS LHC models show a similar pattern in the ratio to data with discrepancies up to
20% and that PYTHIA 6 overestimates particle production at high pT.

Figure 4 shows the ratio of transverse-momentum spectra of charged particles at
p

s = 13 TeV and 7 TeV.
The published data at

p
s = 7 TeV [10] were for INEL events. We have recalculated the normalisation

of the spectrum to correspond to INEL>0 events in a similar manner as done for
p

s = 13 TeV. The

1Calculations performed with CRMC package version 1.5.3.
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This framework connects the 
scaling of average pT with this 
measurement
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observation of a harder spectrum is related to the differ-
ent pseudorapidity windows (see below).

In the right panel of Fig. 3, the normalized invari-
ant yield in NSD events is compared to measurements
of the UA1 collaboration in pp̄ at the same energy [21],
scaled by their measured NSD cross section of 43.5 mb.
As in the previous comparison to ATLAS and CMS, the
higher yield at large pT may be related to the different
pseudorapidity acceptances. The excess of the UA1 data
of about 20% at low pT is possibly due to the UA1 trig-
ger condition, which suppresses events with very low
multiplicity, as pointed out in [19].

The results for 〈pT 〉 in INEL and NSD events are
compared to other experiments [20, 21, 22, 23, 24, 25]
in Fig. 4. Our results are somewhat higher than pre-
vious measurements in pp and pp̄ at the same energy,
but in larger pseudorapidity windows. This is consistent
with the comparison of the spectra in Fig. 3. A similar
trend exhibiting a larger 〈pT 〉 in a smaller pseudorapid-
ity interval around mid-rapidity is apparent in Fig. 4 at
Tevatron energies.
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Figure 4: Energy dependence of the average transverse momentum of
primary charged particles in pp and pp̄ collisions. Data from other
experiments are taken from [20, 21, 22, 23, 24, 25].

Indeed, a decrease of 〈pT 〉 by about 2% is found
between |η| < 0.2 and 0.6 < |η| < 0.8 in a pseudora-
pidity dependent analysis of the present data. A consis-

tent decrease of 〈pT 〉 is also observed in the CMS data,
when pseudorapidity is increased [20, 26]. Likewise, a
decrease of 〈pT 〉 by about 5% between |η| < 0.8 and
|η| < 2.5 is found at

√
s = 900 GeV in PYTHIA.

Charged particle transverse momentum distribu-
tions can be used to tune Monte Carlo event gener-
ators of hadron-hadron interactions, such as PYTHIA
and PHOJET. Recently, PYTHIA was tuned to describe
the energy dependence of existing measurements, e.g.
with respect to the treatment of multiple parton inter-
actions and divergencies of the 2→2 parton scattering
cross-section at small momentum transfers.
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Figure 5: Top: Comparison of the primary charged particle differen-
tial yield in INEL pp collisions at

√
s = 900 GeV (|η| < 0.8) to results

from PHOJET and PYTHIA tunes 109 [12], 306 [28] and 320 [27].
Bottom: Ratio between the Monte Carlo simulation and the data. The
shaded area indicates the statistical and systematic errors of the AL-
ICE data added in quadrature.

In Fig. 5, the results for INEL events are com-
pared to PHOJET and different tunes of PYTHIA, D6T
(tune 109) [12], Perugia0 (tune 320) [27] and ATLAS-
CSC (tune 306) [28]. The best agreement is found
with the Perugia0 tune, which gives a fair description
of the spectral shape, but is approximately 20% below
the data. The D6T tune is similar to Perugia0 below
2 GeV/c but underestimates the data more significantly
at high pT . PHOJET and the PYTHIA ATLAS-CSC
tune fail to reproduce the spectral shape of the data.
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Scaling of multiplicity with collider energyis relatively weak, the multiplicity scales with a fractional power of Q:

N ⇠ Q
1/2 = s

1/4
. (3.26)

This particular fractional power scaling is a prediction of the Fermi-Landau model [65–68]. In

the context of our analysis here, we note that it is a consequence of our particular choice of

the function f(x) in the smeared cross section. Additionally, the inclusion of a squared matrix

element with non-trivial dependence on the detected particles will a↵ect this scaling. Data

prefer a slightly smaller power-law scaling of the multiplicity, e.g., Ref. [61] in which a power

law of s
0.11 fits the charged particle multiplicity over decades of collision energies. Nevertheless,

this simple result within the context of our large-N expansion suggests that an appropriate

squared matrix element could fit the data. We leave a more detailed analysis of the collision

energy dependence of the multiplicity to future work.

Data of transverse momentum distributions in minimum bias are often compared to Tsallis

distributions [69–71] that assume there are fluctuations in the N particle final state that are

quantified by a non-extensive form of entropy. This is an intriguing interpretation and the

success of such models may point to fundamental fractal-like structure of particles produced

in minimum bias collisions. While not inconsistent with this interpretation, our expansion of

the minimum bias cross section has a more mundane understanding as a consequence of the

symmetries of these collision events. Further, the Tsallis distribution reduces to a power law at

large transverse momentum, while our smeared prediction is exponential, though dependent on

a fractional power of transverse momentum. A detailed study to distinguish the consequences of

these two (or other) models of minimum bias dynamics may reveal the microscopic description

of these events and lead to an e↵ective field theory in which precision calculations can be

performed.

3.2.1 Limit of Large-N Expansion

With data that extends to higher values of transverse momentum, we can see the limit of

our prediction, with the assumptions we have made thus far. In particular, we have assumed

that the squared matrix element is just 1, which is its expression at lowest order in the 1/N

expansion. However, at higher transverse momentum, higher order terms in the squared matrix

element become more important and may be necessary to describe the distribution. In Fig. 4,

we compare charged particle transverse momentum distribution data from
p

s = 2.76 TeV pp

collisions to our asymptotic prediction of Eq. (3.19) and a Tsallis distribution. This Tsallis

distribution takes the form
1

2⇡p?

d�

dp?
/

⇣
1 +

p?
nT

⌘�n
, (3.27)

for parameters n and T . In the plot, we have set the parameters in our prediction and the

Tsallis distribution to be hp?i = 0.5 GeV, n = 6.6 and T = 0.12 GeV. At low transverse

momentum, both our prediction and the Tsallis distribution follow the data extremely well,

but around 5 GeV, our prediction exponentially drops, while the Tsallis distribution largely

follows the power-law distribution at high transverse momentum. It would be interesting to

study the e↵ect of maintaining momentum conservation in our prediction and non-trivial terms

in the matrix element to see if they can reproduce the high-p? tail, but we leave that to future

work.
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h and pT distributions of charged particles in pp at
p

s = 13 TeV ALICE Collaboration
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Fig. 2: Charged-particle pseudorapidity density measured in the central pseudorapidity region |h |< 0.5 for INEL
and INEL>0 events [4–6, 15, 29–33]. The uncertainties are the quadratic sum of statistical and systematic con-
tributions. The lines are power-law fits of the energy dependence of the data and the grey bands represent the
standard deviation of the fits.

EPOS LHC1 [27, 28] in both the INEL and INEL>0 event classes. PYTHIA 6 calculations are in better
agreement with the data than PYTHIA 8 in both classes, with PYTHIA 8 being higher than the data by
about 12% (7%) in INEL events and about 7% (3%) in INEL>0 events at h ⇠ 0 (h ⇠ 1.5). EPOS LHC
calculations are about 7% (4%) and about 7% (5%) higher than the data in INEL and INEL>0 events,
respectively, at h ⇠ 0 (h ⇠ 1.5). In Fig. 2 we show a compilation of results on pseudorapidity density
of charged particles measured in |h | < 0.5 for the INEL and INEL>0 results at different proton-proton
collider energies [4–6, 15, 29–33]. The energy dependence of hdNch/dhi is parametrised by the power
law as

b fitted to data, where a and b are free parameters. By combining the data at lower energies with
ALICE and CMS results at

p
s = 13 TeV, we obtain b = 0.103±0.002 and b = 0.111±0.004 for INEL

and INEL>0 event classes, respectively. Notice that the fit results assume that uncertainties at different
centre-of-mass energies are independent, which is not strictly the case.

Figure 3 presents the measured pT spectrum and its comparison with calculations with PYTHIA 6
(Perugia-2011), PYTHIA 8 (Monash-2013) and EPOS LHC. For bulk particle production, the mech-
anism of colour reconnection is an important one in the PYTHIA models (see discussion below and in
ref. [34]). EPOS is a model based on the Gribov-Regge theory at parton level [27]. Collective (flow-like)
effects are incorporated in the EPOS3 version [35] and treated via parametrisations in the EPOS LHC
version [28]. These event generators, benefitting from the tuning performed on the LHC data in Run
1, describe the pT spectrum reasonably well, although not in detail. It is interesting to note that both
PYTHIA 8 and EPOS LHC models show a similar pattern in the ratio to data with discrepancies up to
20% and that PYTHIA 6 overestimates particle production at high pT.

Figure 4 shows the ratio of transverse-momentum spectra of charged particles at
p

s = 13 TeV and 7 TeV.
The published data at

p
s = 7 TeV [10] were for INEL events. We have recalculated the normalisation

of the spectrum to correspond to INEL>0 events in a similar manner as done for
p

s = 13 TeV. The

1Calculations performed with CRMC package version 1.5.3.

6

ALICE 1509.0873

This framework connects the 
scaling of average pT with this 
measurement

(Very) rough fit
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The predictions include 
In the  limit, the symmetries of min bias events and central 
limit theorem require the matrix element is exclusively a function of 
the total energy of the observed final state particles
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N ! 1

The distribution of particle transverse momentum is universal, and 
depends on a single parameter, with fractional dispersion relation

(From power counting and symmetries)

By a positivity condition, all azimuthal correlations vanish as  
at fixed collision energy
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Scaling of multiplicity with collider energy



Azimuthal correlations
Correlations between pairs of particles come from terms in the 
matrix element of the form

where x 2 [0, 1] and
1

2
log x  �⌘ 

1

2
log

1

x
. (3.32)

To set an upper bound for the transverse momentum, we first maximize over x and �⌘,

for which x = 1 and �⌘ = 0:

p? ⌧
Q

cosh ⌘
. (3.33)

That is, the energy of an individual particle must be parametrically less than the collision

energy. We had found that for pp collisions with energy of several TeV, the maximum pseudo-

rapidity was about ⌘max ⇠ 6. For Q = 2.76 TeV from Fig. 4, the transverse momentum then

must be smaller than

p? ⌧
Q

cosh ⌘max
⇠ 14 GeV . (3.34)

This estimate of the limit agrees well with Fig. 4, in which our prediction diverges from data well

before 14 GeV. Conversely, for a fixed transverse momentum p?, the maximum pseudorapidity

is logarithmically related to the collision energy Q, which is well known [29, 72].

3.3 Azimuthal Correlations

In this section, we discuss azimuthal correlations between pairs of particles produced in pp

or heavy ion collisions. We will focus on the ellipticity and the long pseudorapidity-distance

correlations or “ridge” phenomena later, but we will first determine the form of the probability

distribution of the pairwise azimuthal angle di↵erence within the context of our minimum-bias

expansion. Non-trivial azimuthal correlations require a non-trivial squared matrix element. In

general, the form of the terms in the squared matrix element relevant for azimuthal correlations

are

|M|
2

� 1 +
1X

n=1

gn(k+
k
�
, N)

NX

i 6=j

(~p?i · ~p?j)n

Q2n
(3.35)

� 1 +
1X

n=1

gn(k+
k
�
, N)

NX

i 6=j

p
n
?ip

n
?j

Q2n
cos(n(�i � �j)) ,

for some coe�cient functions gn(k+
k
�
, N). On the second line, we have absorbed multiplicative

factors in the expansion of (~p?i ·~p?j)n into a redefinition of gn(k+
k
�
, N). All other terms in the

squared matrix element that are independent of azimuthal di↵erences would just contribute to

the constant “1” term and would therefore just be an overall normalization. With our power

counting assumption that hp?i ⇠

q
hp2?i ⇠ Q/N , we replace p? ⇠ Q/N to establish the scaling

with the number of observed particles N . Our squared matrix element then becomes

|M|
2

� 1 +
1X

n=1

gn(k+
k
�
, N)

NX

i 6=j

p
n
?ip

n
?j

Q2n
cos(n(�i � �j)) (3.36)

⇠ 1 +
1X

n=1

gn(k+
k
�
, N)

N2n

NX

i 6=j

cos(n(�i � �j)) .
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where x 2 [0, 1] and
1

2
log x  �⌘ 

1

2
log

1

x
. (3.32)

To set an upper bound for the transverse momentum, we first maximize over x and �⌘,

for which x = 1 and �⌘ = 0:

p? ⌧
Q

cosh ⌘
. (3.33)

That is, the energy of an individual particle must be parametrically less than the collision

energy. We had found that for pp collisions with energy of several TeV, the maximum pseudo-

rapidity was about ⌘max ⇠ 6. For Q = 2.76 TeV from Fig. 4, the transverse momentum then

must be smaller than

p? ⌧
Q

cosh ⌘max
⇠ 14 GeV . (3.34)

This estimate of the limit agrees well with Fig. 4, in which our prediction diverges from data well

before 14 GeV. Conversely, for a fixed transverse momentum p?, the maximum pseudorapidity

is logarithmically related to the collision energy Q, which is well known [29, 72].

3.3 Azimuthal Correlations

In this section, we discuss azimuthal correlations between pairs of particles produced in pp

or heavy ion collisions. We will focus on the ellipticity and the long pseudorapidity-distance

correlations or “ridge” phenomena later, but we will first determine the form of the probability

distribution of the pairwise azimuthal angle di↵erence within the context of our minimum-bias

expansion. Non-trivial azimuthal correlations require a non-trivial squared matrix element. In

general, the form of the terms in the squared matrix element relevant for azimuthal correlations

are

|M|
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� 1 +
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gn(k+
k
�
, N)

NX

i 6=j

(~p?i · ~p?j)n

Q2n
(3.35)
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p
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Q2n
cos(n(�i � �j)) ,

for some coe�cient functions gn(k+
k
�
, N). On the second line, we have absorbed multiplicative

factors in the expansion of (~p?i ·~p?j)n into a redefinition of gn(k+
k
�
, N). All other terms in the

squared matrix element that are independent of azimuthal di↵erences would just contribute to

the constant “1” term and would therefore just be an overall normalization. With our power

counting assumption that hp?i ⇠

q
hp2?i ⇠ Q/N , we replace p? ⇠ Q/N to establish the scaling

with the number of observed particles N . Our squared matrix element then becomes

|M|
2

� 1 +
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n=1
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NX

i 6=j
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Which, by ergodic assumption and power counting



Azimuthal correlations
Now, azimuthal part of flat phase space as N->Infinity

Mean of sum of azimuthal correlations vanishes in this limit

The maximal scaling with N of the coe�cient functions gn(k+
k
�
, N) can be established

by demanding that the squared matrix element is non-negative. To do this, we note that, in

the N ! 1 limit, transverse momentum conservation is trivially satisfied and so azimuthal

angles are uncorrelated and uniformly distributed on flat phase space:

Z
d⇧N !

Z 2⇡

0

NY

i=1

d�i

2⇡
. (3.37)

Thus, on flat phase space, the mean of the sum over the cosine factors of the di↵erence of

azimuthal angles is 0:
Z 2⇡

0

NY

i=1

d�i

2⇡

NX

j 6=k

cos(n(�j � �k)) = 0 . (3.38)

On the other hand, the central limit theorem states that the variance �
2 of the sum of cosine

factors is

�
2

⌘
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NY
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d�i

2⇡

2

4
NX

j 6=k

cos(n(�j � �k))

3

5
2

= N
2
Z 2⇡

0

NY

i=1

d�i

2⇡
cos2(n(�1 � �2)) =

N
2

2
, (3.39)

as there are N
2 terms in the sum, in the N ! 1 limit. To ensure that the squared matrix

element is non-negative, the sum over cosine factors at each value of n must not be significantly

negative to overwhelm the constant “1” term. Therefore, we must enforce that the bulk of the

possible values of the sum over cosines is less than 1:

1 & gn(k+
k
�
, N)

N2n

NX

i 6=j

cos(n(�i � �j)) ⇠
gn(k+

k
�
, N)
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gn(k+
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, N)

N2n�1
. (3.40)

That is, the coe�cient functions gn(k+
k
�
, N) are required to scale with N no greater than

gn(k+
k
�
, N) . N

2n�1
. (3.41)

This property will have important consequences for the large-N predictions of azimuthal cor-

relations.4

Continuing, we can integrate over the smeared phase space to establish the probability

distribution for the pairwise azimuthal angle di↵erence, ��. We have
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Z Q

0
dk
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Z Q
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1

A

4Few general results are known about conditions for positivity of Fourier transforms. One su�cient condition

for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.
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The maximal scaling with N of the coe�cient functions gn(k+
k
�
, N) can be established

by demanding that the squared matrix element is non-negative. To do this, we note that, in

the N ! 1 limit, transverse momentum conservation is trivially satisfied and so azimuthal

angles are uncorrelated and uniformly distributed on flat phase space:
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Thus, on flat phase space, the mean of the sum over the cosine factors of the di↵erence of
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as there are N
2 terms in the sum, in the N ! 1 limit. To ensure that the squared matrix

element is non-negative, the sum over cosine factors at each value of n must not be significantly

negative to overwhelm the constant “1” term. Therefore, we must enforce that the bulk of the

possible values of the sum over cosines is less than 1:
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That is, the coe�cient functions gn(k+
k
�
, N) are required to scale with N no greater than

gn(k+
k
�
, N) . N

2n�1
. (3.41)

This property will have important consequences for the large-N predictions of azimuthal cor-

relations.4

Continuing, we can integrate over the smeared phase space to establish the probability

distribution for the pairwise azimuthal angle di↵erence, ��. We have
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4Few general results are known about conditions for positivity of Fourier transforms. One su�cient condition

for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.
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The variance, on the other hand

The maximal scaling with N of the coe�cient functions gn(k+
k
�
, N) can be established

by demanding that the squared matrix element is non-negative. To do this, we note that, in

the N ! 1 limit, transverse momentum conservation is trivially satisfied and so azimuthal

angles are uncorrelated and uniformly distributed on flat phase space:
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as there are N
2 terms in the sum, in the N ! 1 limit. To ensure that the squared matrix

element is non-negative, the sum over cosine factors at each value of n must not be significantly

negative to overwhelm the constant “1” term. Therefore, we must enforce that the bulk of the

possible values of the sum over cosines is less than 1:
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That is, the coe�cient functions gn(k+
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, N) are required to scale with N no greater than
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. (3.41)

This property will have important consequences for the large-N predictions of azimuthal cor-

relations.4

Continuing, we can integrate over the smeared phase space to establish the probability

distribution for the pairwise azimuthal angle di↵erence, ��. We have
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4Few general results are known about conditions for positivity of Fourier transforms. One su�cient condition

for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.
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Squared Matrix Element must be positive!
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Azimuthal correlations

Positivity at all points in phase space requires

where x 2 [0, 1] and
1

2
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2
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x
. (3.32)

To set an upper bound for the transverse momentum, we first maximize over x and �⌘,

for which x = 1 and �⌘ = 0:

p? ⌧
Q

cosh ⌘
. (3.33)

That is, the energy of an individual particle must be parametrically less than the collision

energy. We had found that for pp collisions with energy of several TeV, the maximum pseudo-

rapidity was about ⌘max ⇠ 6. For Q = 2.76 TeV from Fig. 4, the transverse momentum then

must be smaller than

p? ⌧
Q

cosh ⌘max
⇠ 14 GeV . (3.34)

This estimate of the limit agrees well with Fig. 4, in which our prediction diverges from data well

before 14 GeV. Conversely, for a fixed transverse momentum p?, the maximum pseudorapidity

is logarithmically related to the collision energy Q, which is well known [29, 72].

3.3 Azimuthal Correlations

In this section, we discuss azimuthal correlations between pairs of particles produced in pp

or heavy ion collisions. We will focus on the ellipticity and the long pseudorapidity-distance

correlations or “ridge” phenomena later, but we will first determine the form of the probability

distribution of the pairwise azimuthal angle di↵erence within the context of our minimum-bias

expansion. Non-trivial azimuthal correlations require a non-trivial squared matrix element. In

general, the form of the terms in the squared matrix element relevant for azimuthal correlations

are
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for some coe�cient functions gn(k+
k
�
, N). On the second line, we have absorbed multiplicative

factors in the expansion of (~p?i ·~p?j)n into a redefinition of gn(k+
k
�
, N). All other terms in the

squared matrix element that are independent of azimuthal di↵erences would just contribute to

the constant “1” term and would therefore just be an overall normalization. With our power

counting assumption that hp?i ⇠

q
hp2?i ⇠ Q/N , we replace p? ⇠ Q/N to establish the scaling

with the number of observed particles N . Our squared matrix element then becomes
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for which x = 1 and �⌘ = 0:
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That is, the energy of an individual particle must be parametrically less than the collision

energy. We had found that for pp collisions with energy of several TeV, the maximum pseudo-

rapidity was about ⌘max ⇠ 6. For Q = 2.76 TeV from Fig. 4, the transverse momentum then

must be smaller than
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⇠ 14 GeV . (3.34)

This estimate of the limit agrees well with Fig. 4, in which our prediction diverges from data well

before 14 GeV. Conversely, for a fixed transverse momentum p?, the maximum pseudorapidity

is logarithmically related to the collision energy Q, which is well known [29, 72].

3.3 Azimuthal Correlations

In this section, we discuss azimuthal correlations between pairs of particles produced in pp

or heavy ion collisions. We will focus on the ellipticity and the long pseudorapidity-distance

correlations or “ridge” phenomena later, but we will first determine the form of the probability
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for some coe�cient functions gn(k+
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, N). On the second line, we have absorbed multiplicative

factors in the expansion of (~p?i ·~p?j)n into a redefinition of gn(k+
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, N). All other terms in the

squared matrix element that are independent of azimuthal di↵erences would just contribute to

the constant “1” term and would therefore just be an overall normalization. With our power

counting assumption that hp?i ⇠
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Going back to the matrix element

The maximal scaling with N of the coe�cient functions gn(k+
k
�
, N) can be established

by demanding that the squared matrix element is non-negative. To do this, we note that, in

the N ! 1 limit, transverse momentum conservation is trivially satisfied and so azimuthal

angles are uncorrelated and uniformly distributed on flat phase space:

Z
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NY
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. (3.37)

Thus, on flat phase space, the mean of the sum over the cosine factors of the di↵erence of

azimuthal angles is 0:
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On the other hand, the central limit theorem states that the variance �
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as there are N
2 terms in the sum, in the N ! 1 limit. To ensure that the squared matrix

element is non-negative, the sum over cosine factors at each value of n must not be significantly

negative to overwhelm the constant “1” term. Therefore, we must enforce that the bulk of the

possible values of the sum over cosines is less than 1:
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That is, the coe�cient functions gn(k+
k
�
, N) are required to scale with N no greater than

gn(k+
k
�
, N) . N

2n�1
. (3.41)

This property will have important consequences for the large-N predictions of azimuthal cor-

relations.4

Continuing, we can integrate over the smeared phase space to establish the probability

distribution for the pairwise azimuthal angle di↵erence, ��. We have
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4Few general results are known about conditions for positivity of Fourier transforms. One su�cient condition

for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.

– 23 –

39

Application 2:  CorrelationsΔϕ
Constraints on Fourier coefficients from positivity

Central Limit Theorem in large-N limit
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Azimuthal correlations

Positivity at all points in phase space requires

where x 2 [0, 1] and
1

2
log x  �⌘ 

1

2
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1

x
. (3.32)

To set an upper bound for the transverse momentum, we first maximize over x and �⌘,

for which x = 1 and �⌘ = 0:

p? ⌧
Q

cosh ⌘
. (3.33)

That is, the energy of an individual particle must be parametrically less than the collision

energy. We had found that for pp collisions with energy of several TeV, the maximum pseudo-

rapidity was about ⌘max ⇠ 6. For Q = 2.76 TeV from Fig. 4, the transverse momentum then

must be smaller than

p? ⌧
Q

cosh ⌘max
⇠ 14 GeV . (3.34)

This estimate of the limit agrees well with Fig. 4, in which our prediction diverges from data well

before 14 GeV. Conversely, for a fixed transverse momentum p?, the maximum pseudorapidity

is logarithmically related to the collision energy Q, which is well known [29, 72].

3.3 Azimuthal Correlations

In this section, we discuss azimuthal correlations between pairs of particles produced in pp

or heavy ion collisions. We will focus on the ellipticity and the long pseudorapidity-distance

correlations or “ridge” phenomena later, but we will first determine the form of the probability

distribution of the pairwise azimuthal angle di↵erence within the context of our minimum-bias

expansion. Non-trivial azimuthal correlations require a non-trivial squared matrix element. In

general, the form of the terms in the squared matrix element relevant for azimuthal correlations

are
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for some coe�cient functions gn(k+
k
�
, N). On the second line, we have absorbed multiplicative

factors in the expansion of (~p?i ·~p?j)n into a redefinition of gn(k+
k
�
, N). All other terms in the

squared matrix element that are independent of azimuthal di↵erences would just contribute to

the constant “1” term and would therefore just be an overall normalization. With our power

counting assumption that hp?i ⇠

q
hp2?i ⇠ Q/N , we replace p? ⇠ Q/N to establish the scaling

with the number of observed particles N . Our squared matrix element then becomes
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To set an upper bound for the transverse momentum, we first maximize over x and �⌘,

for which x = 1 and �⌘ = 0:
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energy. We had found that for pp collisions with energy of several TeV, the maximum pseudo-

rapidity was about ⌘max ⇠ 6. For Q = 2.76 TeV from Fig. 4, the transverse momentum then

must be smaller than
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This estimate of the limit agrees well with Fig. 4, in which our prediction diverges from data well

before 14 GeV. Conversely, for a fixed transverse momentum p?, the maximum pseudorapidity

is logarithmically related to the collision energy Q, which is well known [29, 72].
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or heavy ion collisions. We will focus on the ellipticity and the long pseudorapidity-distance

correlations or “ridge” phenomena later, but we will first determine the form of the probability
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for some coe�cient functions gn(k+
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, N). On the second line, we have absorbed multiplicative

factors in the expansion of (~p?i ·~p?j)n into a redefinition of gn(k+
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, N). All other terms in the

squared matrix element that are independent of azimuthal di↵erences would just contribute to

the constant “1” term and would therefore just be an overall normalization. With our power

counting assumption that hp?i ⇠
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Going back to the matrix element

The maximal scaling with N of the coe�cient functions gn(k+
k
�
, N) can be established

by demanding that the squared matrix element is non-negative. To do this, we note that, in

the N ! 1 limit, transverse momentum conservation is trivially satisfied and so azimuthal

angles are uncorrelated and uniformly distributed on flat phase space:
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Thus, on flat phase space, the mean of the sum over the cosine factors of the di↵erence of

azimuthal angles is 0:
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as there are N
2 terms in the sum, in the N ! 1 limit. To ensure that the squared matrix

element is non-negative, the sum over cosine factors at each value of n must not be significantly

negative to overwhelm the constant “1” term. Therefore, we must enforce that the bulk of the

possible values of the sum over cosines is less than 1:
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That is, the coe�cient functions gn(k+
k
�
, N) are required to scale with N no greater than

gn(k+
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. (3.41)

This property will have important consequences for the large-N predictions of azimuthal cor-

relations.4

Continuing, we can integrate over the smeared phase space to establish the probability

distribution for the pairwise azimuthal angle di↵erence, ��. We have
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4Few general results are known about conditions for positivity of Fourier transforms. One su�cient condition

for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.
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The maximal scaling with N of the coe�cient functions gn(k+
k
�
, N) can be established

by demanding that the squared matrix element is non-negative. To do this, we note that, in

the N ! 1 limit, transverse momentum conservation is trivially satisfied and so azimuthal

angles are uncorrelated and uniformly distributed on flat phase space:
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as there are N
2 terms in the sum, in the N ! 1 limit. To ensure that the squared matrix

element is non-negative, the sum over cosine factors at each value of n must not be significantly

negative to overwhelm the constant “1” term. Therefore, we must enforce that the bulk of the

possible values of the sum over cosines is less than 1:
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That is, the coe�cient functions gn(k+
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, N) are required to scale with N no greater than

gn(k+
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, N) . N

2n�1
. (3.41)

This property will have important consequences for the large-N predictions of azimuthal cor-

relations.4

Continuing, we can integrate over the smeared phase space to establish the probability

distribution for the pairwise azimuthal angle di↵erence, ��. We have
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4Few general results are known about conditions for positivity of Fourier transforms. One su�cient condition

for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.
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element is non-negative, the sum over cosine factors at each value of n must not be significantly
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for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.
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Note that the maximal N scaling of the coe�cients dn(N) is inherited from the form of

gn(k+
k
�
, N) established above by positivity; that is,

dn(N) . N
2n�1

. (3.44)

This scaling means that the Fourier coe�cients at each n necessarily vanish in the N ! 1

limit:

lim
N!1

dn(N)

N2n
= 0 . (3.45)

The distribution on the final line of Eq. (3.42) is normalized on �� 2 [0, 2⇡).5

The particular scaling of the coe�cient d1(N) with N can also be established by momentum

conservation. Transverse momentum conservation states that
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Now, with p? ⇠ Q/N , this relationship implies the scaling
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With our ergodic assumption, the term on the left is just the mean value of cos(��) in the

large-N limit and so

hcos(��)i ⇠ �
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. (3.48)

This mean value can also be calculated from the probability distribution p(��). We have
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from Eq. (3.42). If this is to scale like �1/N , the coe�cient d1(N) must scale like

d1(N) ⇠ �N = �N
2·1�1

, (3.50)

exactly as predicted from positivity.6 Then, the distribution of the azimuthal angle di↵erence

can be expressed as
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5Recall that we are working at fixed center-of-mass energy Q. It is known that azimuthal correlations have a

finite, non-zero value at fixed centrality as both Q and N increase (see, e.g., [75]). This is not inconsistent with

this analysis because the Fourier coe�cients defined in Eq. (3.43) have implicit dependence on the center-of-mass

energy Q and other mass scales in the system, like the pion mass m⇡.
6Yet another way to prove this scaling with N follows from demanding that the squared matrix element is

finite in the N ! 1 limit.
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as there are N
2 terms in the sum, in the N ! 1 limit. To ensure that the squared matrix

element is non-negative, the sum over cosine factors at each value of n must not be significantly

negative to overwhelm the constant “1” term. Therefore, we must enforce that the bulk of the

possible values of the sum over cosines is less than 1:
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This property will have important consequences for the large-N predictions of azimuthal cor-
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for positivity of the continuous Fourier transform of a function u(x) for x > 0 is that it is decreasing and concave-

up for all x > 0 [73, 74]. Our simple result based on scaling of terms in the Fourier series is consistent with this

result.

– 23 –

=
1

2⇡
+

1

⇡

1X

n=1

dn(N)

N2n
cos(n ��) .

Here, we have used the permutation symmetry of particles to just define �� as the di↵erence

of the azimuthal angles of particles 1 and 2. The Fourier coe�cients dn(N) are defined to be

dn(N) =
1

2Q2

Z Q

0
dk

+
Z Q

0
dk

�
f(k+

k
�) gn(k+

k
�
, N) . (3.43)
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The distribution on the final line of Eq. (3.42) is normalized on �� 2 [0, 2⇡).5
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from Eq. (3.42). If this is to scale like �1/N , the coe�cient d1(N) must scale like
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5Recall that we are working at fixed center-of-mass energy Q. It is known that azimuthal correlations have a

finite, non-zero value at fixed centrality as both Q and N increase (see, e.g., [75]). This is not inconsistent with

this analysis because the Fourier coe�cients defined in Eq. (3.43) have implicit dependence on the center-of-mass

energy Q and other mass scales in the system, like the pion mass m⇡.
6Yet another way to prove this scaling with N follows from demanding that the squared matrix element is

finite in the N ! 1 limit.
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from Eq. (3.42). If this is to scale like �1/N , the coe�cient d1(N) must scale like

d1(N) ⇠ �N = �N
2·1�1

, (3.50)

exactly as predicted from positivity.6 Then, the distribution of the azimuthal angle di↵erence

can be expressed as

p(��) =
1

2⇡
�

d1

⇡

1

N
cos(��) +

1

⇡

1X

n=2

dn(N)

N2n
cos(n ��) , (3.51)

5Recall that we are working at fixed center-of-mass energy Q. It is known that azimuthal correlations have a

finite, non-zero value at fixed centrality as both Q and N increase (see, e.g., [75]). This is not inconsistent with

this analysis because the Fourier coe�cients defined in Eq. (3.43) have implicit dependence on the center-of-mass
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5Recall that we are working at fixed center-of-mass energy Q. It is known that azimuthal correlations have a

finite, non-zero value at fixed centrality as both Q and N increase (see, e.g., [75]). This is not inconsistent with

this analysis because the Fourier coe�cients defined in Eq. (3.43) have implicit dependence on the center-of-mass

energy Q and other mass scales in the system, like the pion mass m⇡.
6Yet another way to prove this scaling with N follows from demanding that the squared matrix element is

finite in the N ! 1 limit.
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i.e. Azimuthal correlations vanish at large N



Ellipticity

The vanishing at large N predicted by the above analysis is borne out 
in data. May be interpreted in models with collision parameter 
(centrality) -> 0

Figure 5: Data of the azimuthal correlation c2(2) as a function of charged particle multiplicity

Nch from the ALICE experiment [93]. Lead ions are collided with a nucleon-nucleon center of

mass of
p

sNN = 2.76 TeV. Only charged particles with pseudorapidity |⌘| < 1 and transverse

momentum 0.2 < p? < 3.0 GeV contribute. The open circle data include all charged particles,

and the open triangle, diamond, and square data only include those pairs of charged particles

with a pseudorapidity di↵erence of at least 0.4, 1.0, and 1.4, respectively.

N and Q, the average azimuthal correlation c2(2) in terms of our expansion of minimum bias

established in Eq. (3.51) is

c2(2) =
1

N
+

Z 2⇡

0
d�� p(��) cos(2��) =

1

N
+

d2(N)

N4
. (3.54)

This form immediately identifies two distinct contributions. First, the explicit 1/N term

is completely independent of any of the dynamics of the collision (i.e., the squared matrix

element and smearing). Such a contribution is sometimes called “non-flow” in the literature.

The second term, by contrast, is only non-zero if there are non-trivial azimuthal correlations;

otherwise, the integral over phase space of the sinusoidal function vanishes. Such a contribution

is sometimes called “flow”. Whatever its short-distance interpretation, we can make concrete

predictions of the flow contribution within our expansion.

First, the azimuthal correlation c2(2) vanishes in the N ! 1 limit. This follows directly

from the results established in Eq. (3.45). Additionally, this large-N limit is also the limit

of small centrality (the quantile of highest multiplicity in an ensemble of collision events).

Thus, azimuthal correlations should also vanish in the limit of small centrality. In the nucleus-

overlap model of heavy ion collisions, it is also predicted that azimuthal correlations vanish in

the low centrality limit because a head-on, perfectly overlapping nucleus collision is completely

rotationally symmetric and has no preferred particle production axis. However, we stress that

this prediction in our formulation makes no reference to the unobservable nucleus overlap and

relies instead exclusively on our power counting of the relevant observable quantities.

This prediction is observed in data from heavy ion collisions. In Fig. 5, we plot data of

the azimuthal correlation c2(2) from PbPb collisions at the ALICE experiment, as a function
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Figure 5: Data of the azimuthal correlation c2(2) as a function of charged particle multiplicity

Nch from the ALICE experiment [93]. Lead ions are collided with a nucleon-nucleon center of

mass of
p

sNN = 2.76 TeV. Only charged particles with pseudorapidity |⌘| < 1 and transverse

momentum 0.2 < p? < 3.0 GeV contribute. The open circle data include all charged particles,

and the open triangle, diamond, and square data only include those pairs of charged particles

with a pseudorapidity di↵erence of at least 0.4, 1.0, and 1.4, respectively.

N and Q, the average azimuthal correlation c2(2) in terms of our expansion of minimum bias

established in Eq. (3.51) is

c2(2) =
1

N
+

Z 2⇡

0
d�� p(��) cos(2��) =

1

N
+

d2(N)

N4
. (3.54)

This form immediately identifies two distinct contributions. First, the explicit 1/N term

is completely independent of any of the dynamics of the collision (i.e., the squared matrix

element and smearing). Such a contribution is sometimes called “non-flow” in the literature.

The second term, by contrast, is only non-zero if there are non-trivial azimuthal correlations;

otherwise, the integral over phase space of the sinusoidal function vanishes. Such a contribution

is sometimes called “flow”. Whatever its short-distance interpretation, we can make concrete

predictions of the flow contribution within our expansion.

First, the azimuthal correlation c2(2) vanishes in the N ! 1 limit. This follows directly

from the results established in Eq. (3.45). Additionally, this large-N limit is also the limit

of small centrality (the quantile of highest multiplicity in an ensemble of collision events).

Thus, azimuthal correlations should also vanish in the limit of small centrality. In the nucleus-

overlap model of heavy ion collisions, it is also predicted that azimuthal correlations vanish in

the low centrality limit because a head-on, perfectly overlapping nucleus collision is completely

rotationally symmetric and has no preferred particle production axis. However, we stress that

this prediction in our formulation makes no reference to the unobservable nucleus overlap and

relies instead exclusively on our power counting of the relevant observable quantities.

This prediction is observed in data from heavy ion collisions. In Fig. 5, we plot data of
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First non-trivial azimuthal 
correlation used as evidence 
for collective flow/ QGP

Proxy to flow in reaction 
plane often used is 
pairwise azimuthal 
correlation moment

<latexit sha1_base64="BOXLc24fFS8vGghwNYlvKqJZm1o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nSeqNJPiwUxj6kd4JFjICDZWapNBvVo/H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8VOsDCOczkr9RNMYkwke0Z6lAkdU++n82hk6s8oQhVLZEgbN1d8TKY60nkaB7YywGetlLxP/83qJCa/9lIk4MVSQxaIw4chIlL2OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7XvMua+79RaVxk8dRhBM4hSp4cAUNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx8nk44y</latexit>

c2(2)





What does large N buy us?



Analytic probes of S-matrix

Low point amplitudes, 
Positivity bounds, S-matrix 
theory/ Bootstrap

Asymptotic analytic 
understanding of density 
of states of the theory



Analytic probes of S-matrix

Low point amplitudes, 
Positivity bounds, S-matrix 
theory/ Bootstrap

Integer partitions

Asymptotic analytic 
understanding of density 
of states of the theory

<latexit sha1_base64="r9QVa5xY+m5xRBCc0pZafpHpUng=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVYFMFjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH800pr7AI8lCRrDJpLh6dz4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmvuQ73SuMnjKMIJnEIVPLiCBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHL8yNrQ==</latexit>

p(E)



Analytic probes of S-matrix

Low point amplitudes, 
Positivity bounds, S-matrix 
theory/ Bootstrap

Integer partitions

Asymptotic analytic 
understanding of density 
of states of the theory

<latexit sha1_base64="r9QVa5xY+m5xRBCc0pZafpHpUng=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVYFMFjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH800pr7AI8lCRrDJpLh6dz4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmvuQ73SuMnjKMIJnEIVPLiCBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHL8yNrQ==</latexit>

p(E)

<latexit sha1_base64="qN8tsa4S9j2Mv9Bp0riOdpcoth0="></latexit>

p(E) ⇠ 1

4E
p
3
exp

 
⇡

r
2E

3

!



Analytic probes of S-matrix

Low point amplitudes, 
Positivity bounds, S-matrix 
theory/ Bootstrap

Integer partitions

50674491 35/8
�
31
5

�3/8
77/8⇡10

131072000 4
p
2
p
13�55/8

exp

0

@2

3

p
2 4

r
217

15
⇡�3/4 �

37 4

q
15
217⇡

4
p
2

�1/4 + 28⇣ 0(�2)

1

A

<latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="dEFlVywpWZIeOBMMcVIS1KkZXmI="></latexit><latexit sha1_base64="dEFlVywpWZIeOBMMcVIS1KkZXmI="></latexit><latexit sha1_base64="rpvwH/mTKMmgQ0CJ1LrqEKam4Vc="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit><latexit sha1_base64="DgFw/SrOoAd/nS6e20Prfqm6Xrs="></latexit>

For the standard model, TM, Pal 2010.08560
<latexit sha1_base64="WE7a4a4lGKL0IdLyRR/AxpcxQUw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpeyKqMeiHjxWsB/QXUo2nW1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHTR2nikKDxjxW7ZBo4ExCwzDDoZ0oICLk0AqHt1O/NQKlWSwfzTiBQJC+ZBGjxFgpSCr+HXBDznzNRLdUdqvuDHiZeDkpoxz1bunL78U0FSAN5UTrjucmJsiIMoxymBT9VENC6JD0oWOpJAJ0kM2OnuBTq/RwFCtb0uCZ+nsiI0LrsQhtpyBmoBe9qfif10lNdB1kTCapAUnni6KUYxPjaQK4xxRQw8eWEKqYvRXTAVGEGptT0YbgLb68TJrnVe+y6j5clGs3eRwFdIxOUAV56ArV0D2qowai6Ak9o1f05oycF+fd+Zi3rjj5zBH6A+fzBx0eka0=</latexit>

p(�) ⇠

Asymptotic analytic 
understanding of density 
of states of the theory

<latexit sha1_base64="r9QVa5xY+m5xRBCc0pZafpHpUng=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVYFMFjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2jpKFKEtEvFIdQOsKWeStgwznHZjRbEIOO0Ek9vM7zxRpVkkH800pr7AI8lCRrDJpLh6dz4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmvuQ73SuMnjKMIJnEIVPLiCBtxDE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHL8yNrQ==</latexit>

p(E)



Analytic probes of S-matrix

Low point amplitudes, 
Positivity bounds, S-matrix 
theory/ Bootstrap

Integer partitions

8 UNIVERSAL FINE GRAINED ASYMPTOTICS OF WEAKLY COUPLED QUANTUM FIELD THEORY

Figure 1. Different approaches to high temperature in the �� � plane.

Theorem 3.1. Let us denote the free spectrum by � and the anomalous dimension by ��.

We will make the following assumptions:

(1) There exists �
0 2 R such that the anomalous dimension �� lies in some interval

(��
0
, �

0) for all the operators. Here �
0
is some order one fixed number.

(2) The spectral form factor |Z(� + it)|2, in the � ! 0 limit, has a peak at t = 0 and

decays faster than a polynomial for t 2 (�⇤,⇤) for some order one number ⇤, which

depends on �
0
. In particular, we want 2(�0 + 1/2) > 2⇡

⇤ and

Z ⇤

�⇤
dt Z(� + it)b�(t) ⇠ Z(�)b�(0) ,

for b�(t), a polynomial function of t.

Under the above assumptions, Eq. (23) holds.

Let us understand the consequences of this theorem in more detail. Suppose at a UV fixed
point we have one relevant coupling �, and consider the � ! 0 limit in (�,�) plane, see
Fig. 1. When � = 0, we are at the UV free fixed point, and the limit is approached along
the X axis in the figure, giving the free theory high-temperature behavior. If instead � is
fixed and again we approach � ! 0, then the high temperature behaviour changes. The
above theorem implies that the anomalous dimension can not be bounded along this line.
To achieve a bounded anomalous dimension, we need to consider a simultaneous limit where
both � ! 0 and � ! 0. Note this is not the same as � = 0 and � ! 0. For finite but small �,
� is non-zero and thus we are actually probing weakly interacting QFT. These are the curved
flows depicted in Fig. 1.

To set the stage for the proof of the theorem 3.1, we will prove the following lemma:

Also for weakly coupled theories, Cao, TM, Pal 2111.07472

Asymptotic analytic 
understanding of density 
of states of the theory
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Those are 2 to 2. This is 2 to N>>1

Understanding of strongly coupled theories from a bootstrap approach, recently 
been applied to QFT, i.e. to the S-matrix 

Bootstrap approach?

Recent: M. F. Paulos, J. Penedones, J. Toledo, B. C. van Rees, and P. Vieira, ’16, ’17. More recently e.g. L. Cordova and P. Vieira, ’18; D. Mazac and M. Paulos ’18,’19; Cordova, He, 
Kruczenski, Vieira, ’19; Karateev, Kuhn, Penedones ’19; Correia, Sever, Zhiboedov, ’20; Homrich, Penedones, Toledo, van Rees, Vieira, ’20 … 

pp or AA to N hadrons has some S-matrix element, that has to obey certain 
symmetries



Addendum: manipulating flat phase space 
in the Large N limit
Pseudorapidity

3 Interpretation of Data

In this section, we exploit this expansion of the cross section for minimum bias events to

understand and re-interpret collider data from this perspective. Because the expansion as we

have developed it thus far can describe any identical hadron or nucleus scattering, we apply

it to understand data from both pp and heavy ion collisions. Particularly in the case of heavy

ion collisions, experimental data are very often interpreted or expressed in terms of strictly

unobservable quantities as established in some model of the collision, like the centrality or

the number of participating nucleons. By contrast, our expansion is expressed exclusively in

terms of directly observable quantities, like the total number of detected particles or the total

observed final state energy.

3.1 Pseudorapidity Distributions

The first observable that we consider is the pseudorapidity distribution of observed final state

particles. This can be calculated directly from the form of the minimum bias cross section

we established in Eq. (2.8). From the permutation symmetry of the particles, every particle

has the same pseudorapidity distribution p(⌘), so we can just fix the particle of interest to be

particle 1. Then, we have
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To proceed, we will make a number of simplifying assumptions. First, we will work in the

N ! 1 limit in which the squared matrix element |M(1, 2, . . . , N)|2 reduces to a constant on

phase space, as discussed earlier. Because this constant is just an overall scaling, we can take

it to be 1, for simplicity. With this assumption, we can then determine the pseudorapidity

distribution on flat phase space pflat(⌘), in the large-N limit. We have
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To get this expression, we used the large-N limit of the volume of phase space from Eq. (2.9)

and ignore overall factors. The normalized probability distribution of particle pseudorapidity
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for some function f(k+
k
�) and our power counting assumes that the momentum lost down

the beam regions (or, the z-axis boost of the detected particles), is of a comparable size to the

center-of-mass energy, Q
2.

Then, with the power counting and symmetries enforced on the form of the matrix element,

in the cross section we can integrate over the momentum lost down the beams. The cross section

can then be expressed as
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In doing the integrals over the unobservable beam remnant particles, we have ignored overall

factors of the center-of-mass energy Q, and additional dependence on the product k
+
k
� has

been absorbed in the definition of f(k+
k
�). Because f(k+

k
�) is a physical squared matrix

element, we make the reasonable assumption that it is finite and analytic on its domain. It

can therefore be expanded in an appropriate basis of orthonormal polynomials, and this sum

can be truncated for approximation to fit data.

In analysis that we will present later, it will be useful to know the volume of this N -body

phase space smeared by a boost along the beam axis. For a center-of-mass energy Q, the

volume of N -body phase space is
Z

d⇧N = (2⇡)4�3N
Q

2N�4 2⇡
N�1

(N � 1)!(N � 2)!
. (2.9)

Setting the function f(k+
k
�) and the squared matrix element |M(1, 2, . . . , N)|2 to unity, the

volume of this smeared phase space is therefore
Z Q
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dk

+
Z Q

0
dk

�
Z NY
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d�i
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0
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k
�)N�2

= (2⇡)4�3N
Q

2N�2 2⇡
N�1

(N � 1)2(N � 1)!(N � 2)!
.

We also note that the topology of the smeared phase space is that of a (3N � 2)-ball, found

by integrating over two of the dimensions of the N -body phase space manifold [30].
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Q2 = k+k�

of pseudorapidity, dN/d⌘, in 8 TeV pp collisions. Our prediction for the pseudorapidity distri-

bution is just a normalized probability distribution, so we multiply by a factor to fit data. As

mentioned earlier, our present formulation of the expansion of the minimum bias cross section

does not enable us to predict the multiplicity distribution, so we can’t predict the overall nor-

malization here. In general, we find good agreement between our prediction and data, with a

noticeable lack of a dip in our prediction near ⌘ = 0. Hadrons are of course massive particles

and there is a distinction between their rapidity and pseudorapidity which is manifest as the

dip in the pseudorapidity distribution. We assumed that the transverse momentum of particles

is much larger than their mass, so we ignore the pseudo/rapidity distinction. However, the

data include particles with transverse momentum above 40 MeV which includes hadrons with

transverse momentum comparable to their mass.

3.2 Transverse Momentum Distributions

We now turn to understanding transverse momentum distributions in pp collisions. The set-

up for this analysis will be the same as that for pseudorapidity. We take the squared matrix

element for the detected particles |M|
2 = 1 and take the large-N limit of phase space. The

first steps are therefore very similar to that for pseudorapidity, so we won’t repeat them here.

From Eq. (3.2), the flat phase space distribution of the transverse momentum is

pflat(p?) / p?

Z 1

�1
d⌘ e

� k+e⌘+k�e�⌘

k+k� Np? = p? K0

✓
2Np?

p
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◆
, (3.9)

where K0(z) is a modified Bessel function. The unit normalized distribution is

pflat(p?) =
4N

2
p?

k+k� K0

✓
2Np?

p
k+k�

◆
. (3.10)

With this result, the distribution smeared with the function f(k+
k
�) is, in general,

p(p?) =
1
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Unlike the pseudorapidity distribution, the transverse momentum distribution depends

explicitly on the number of detected particles N . This number fluctuates event-by-event and

we do not predict the multiplicity distribution. So, instead, we will re-write this distribution

in terms of the mean transverse momentum, which we can calculate and is unique over an

ensemble of collision events. This mean is

hp?i =

Z 1

0
dp? p? p(p?) =

4N
2

Q2
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0
dx log
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x
f(x)

1

x
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(3.12)
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4

Q

N
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p

xi .

Substituting this expression for N , the transverse momentum distribution is then

p(p?) =
⇡
2
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p
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2

4hp?i2
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