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Prologue : Quantum Gravity

(Geometro-)

Dynamics of Quantum Spacetime

rather than

Quantum Dynamics of (Classical)

Spacetime



Prologue : Geometrodynamics

Spacetime Geometry

Noncommutative G. ⇔ Quantum Gravity

Non-Euclidean G. ⇔ Classical Gravity



A hunch as a student of quantum mechanics :

Can’t say the moon is there when we are not looking?!

• no definite positions in (Newtonian) space

— need a better model for physical space

• space can only be totality of all particle positions

× space → points

• geometry with x̂ as coordinates

— noncommutative geometry

Dream Comes True !



Algebraic Geometry —– Physics :-

Observable Algebra A ←→ Symplectic Geometry S

c-number picture : Commutative —– Classical

• coordinates as basic observables

• states [φ] as functionals

• Gel’fand transform : [φ](f) = f([φ]) = f(x, p)|[φ]

[φ] : A−→ IR — c-numbers (real numbers) value [f ]φ ≡ [φ](f)

• value of observable for a state – classical information

• evaluation map (functionals) [φ] is an algebraic homomorphism

• dynamics given by d

ds
f = {f, Hs}, (t as s)



q-number picture : Noncommutative —– Quantum +

Symplectic Geometry – (projective) Hilbert/Krein space

Observable Algebra A – operators β

• operator coordinates as basic observables

• states [φ] as evaluation map : algebraic homomorphism

• [β]φ ≡ [φ](β) = [fβ(φ)] = β(x̂, p̂)|φ

[φ] : A−→ IQ — q-numbers noncommutative value

• value of observable for a state – quantum information

• dynamics given by d

ds
β = {β, Ĥs}q ≡ 1

ih̄
[β, Ĥs], (t as s)



Evaluation as an Algebra Homomorphism :-

— real number is only an algebraic system

• classical [φ] : f(xi, pi) → IR (observables have real values)

e.g. E = p2 + x2 = pp + xx (1-D SHO m = 1

2
, k = 2)

[φ](x) = 2, [φ](p) = 3 =⇒

[φ](E) = [φ](p2) + [φ](x2) = [φ](p)[φ](p) + [φ](x)[φ](x) = 13

[φ](xipi) = [φ](xi)[φ](pi) = [φ](pi)[φ](xi) = [φ](pixi)

• quantum [φ] : β(x̂i, p̂i) → ?

[φ](x̂i)[φ](p̂i) = [φ](p̂i)[φ](x̂i) + [φ](ih̄Î)

=⇒ [φ](β(x̂i, p̂i)) has to be a noncommutative algebra



Intuitive Concepts are not Classical !

– Quantum Concepts no less Intuitive

– the Classical ones only more familiar

the main culprit : ‘Quine’s convenient

fiction’ – real numbers



The New Convenient Fiction —– q-numbers :-

• [β]φ = {fβ|φ, Vβn
|φ }; fβ(zn, z̄n) = 〈φ|β|φ〉

〈φ|φ〉
, |φ〉 =

∑
n

zn |n〉,

Vβn =
∂fβ

∂zn
= −fβ z̄n +

∑
m

z̄m 〈m|β|n〉

Cirelli et.al 90
• Kähler product : [βγ]φ = [β]φ ?κ [γ]φ

fβγ = fβfγ +
∑

n
VβnVγn̄ , Vβγn = −fβγ z̄n +

∑
m,l

z̄m 〈m|β|l〉〈l|γ|n〉

• locality of quantum information from/in Heisenberg picture
Deutsch & Hayden 00

• Substituting a Qubit for an Arbitrarily Large Number of Classical Bits’
Galvão & Hardy 03

• fβ Kählerian – Hamiltonian flows as isometries



Classical Mechanics as Symplectic Geometry :-

• Eq. of motion : d

dt
xi = ∂H

∂pi , d

dt
pi = −∂H

∂xi

• symplectic/Poisson structure :

{f(xi, pi), Hσ} =
∑

i

(

∂f

∂xi

∂Hσ

∂pi − ∂f

∂pi

∂Hσ

∂xi

)

• from geometry (coordinates indep.) d

dσ
f = {f, Hσ}

−→ f values on curves of constant Hσ for each value of σ

— Hσ generates symmetry transformations of geometry

• dynamics : energy function → phase sp same at all time



Symplectic Geometry – Quantum Dynamics :-

• (Hamilton-)Schrödinger : d

dσ
f = {f, fβσ

(zn, z̄n)}

— βt ≡ Ĥ = p̂ip̂
i

2m
+ V (x̂i)

• ih̄ d

dt
|φ〉 = Ĥ |φ〉 ⇒ dqn

dt
= ∂H

∂sn

, dsn

dt
= − ∂H

∂qn

zn = 1
√

2
(qn + isn) , H(zn, z̄n) = 1

h̄
〈φ| Ĥ |φ〉

• Heisenberg : d

dσ
β = {β, βσ(x̂i, p̂i)}q = 1

ih̄
[β, βσ]

• dx̂i

dt
= ∂Ĥ

∂p̂i
,

dp̂i

dt
= −∂Ĥ

∂x̂i
⇐= ∂

∂x̂i

= − 1

ih̄
[p̂i, ·] , ∂

∂p̂i

= 1

ih̄
[x̂i, ·]



Schrödinger Vs Heisenberg – coordinate transformation :-

• coordinate map: f̂ : (qn, sn) −→ (f̂xi
, fp̂i

) → (x̂i, p̂i)

• intuitively : x̂i, p̂i as coordinates of quantum phase space

• noncommutative differential symplectic geometry :

fβ , dfβ = fdβ , dβ , Xβ = 1

ih̄
[·, β] , . . . as pull-backs

d·

dt
→ d· (〈δφ|β|φ〉 + 〈φ|β|δφ〉) = 〈φ|dβ|φ〉

|δφ〉 = dzn |n〉 with constant 〈φ|φ〉

dβ = (dx̂i ∂

∂x̂i + dp̂i ∂

∂p̂i )β = [D,β] , dη = Dη − (−1)kηD ,

d2 = 0 , β† = β̄ , (dη)† = (−1)kd(η†) , (ηη′)† = η̄′η̄



Phase Space as Physical Space(time) :-

• no noncommutativity with x̂i only

• complex phase rotation on zn → eiθ(qn + isn)

— mix configuration & momentum variables

• quantum relativity symmetry — eiθ generated by [x̂i, p̂i]

— no other irreducible representation

• phase space metric important

−→ dx2 + dp2 — proper units x � 1 and p � 1

‘spacetime’ & energy-momentum −→ SPACETIME

( Einstein : space & time → ‘spacetime’ )



Quantum Mechanics

can and should be seen as

Particle Dynamics on the Quantum Space

rather than

Quantized Dynamics on the Newtonian space



Answering Einstein-Bohr :-

• Noncommutative Reality – definite q-number values

— no probability, Heisenberg uncertainty –
∑

n
|Vβn

|2

— experimentally accessible (?)

• no hidden variables, but ‘hidden values’ of variables

• fully intuitive QM, local quantum information

• dynamics as geometry, from relativity symmetry

— noncommutativity as curvature



HR(3) / HR(1, 3) Symmetry Theoretical Formulation :-

[Ki, Pj ] = ih̄δijM ,

[Jij , Jhk] = ih̄(δjkJih + δihJjk − δikJjh − δjhJik)

[Jij , Kk] = ih̄(δikKj − δjkKi) , [Jij , Pk] = ih̄(δikPj − δjkPi) .

• x̂i = 1

m
K̂i ← M̂−1K̂i , mass as Casimir invariant

— x̂i ≡
1

m
K̂i = 1

m
(K̂ia⊗ Î + Î ⊗ K̂ib) = 1

m
(maX̂ia⊗ Î + Î ⊗mbX̂ib)

• no time (translation) from relativity symmetry

• irr. rep. as components of regular rep. (only phase spaces)

— coherent state ↔ Moyal star-product

• as module of Weyl algebra – Gel’fand-Kirillov dim. 3



Summary of Symmetry Theoretical Formulation :-

• irr. rep. −→ Hilbert / Krein space of states

• universal enveloping algebra / group C
∗-algebra

−→ observable algebra (functions of basic observables)

• (commutator) −→ Poisson bracket −→ Hamiltonian dynamics

l

• group invariant inner product −→ (Kähler) structure

• Euclidean / Minkowski metric operator

• phase space as space(time)

? contraction gives app. theory



Fundamental (Special) Quantum Relativity:

SO(2,4) ∼ SU(2,2) (cf. deformed S.R.)

• contains noncommuting Xµ and Pµ , I

• contains Lorentz symmetry Jµν

• stable symmetry, no deformation

• G, h̄, c in structural constants

SO(2,4) −→ HR(1, 3) −→ HGH(3) ⊃ G̃(3) ⊃ HR(3)

↓ ( 1

c2
→ 0) ↓ (h̄ ↓ 0)

ISO(1,3) ⊂ S(1,3) −→ SG(3) ⊃ G(3) ⊃ S(3)

• (Lie algebra) contractions as approximations

• deformation is ‘inverse’ of contraction



Lorentz Covariant Quantum Mechanics/ Spacetime

• quantum relativity HR(1, 3)

— Yµ , Pµ , M , Jµν (Ŷµ = mx̂µ Ĵµν = x̂µp̂ν − x̂ν p̂µ + Ŝµν)

• pseudo-unitary rep. as in Minkowski spacetime

— x̂µ = xµ? = xµ + i∂pµ , p̂µ = pµ? = pµ − i∂xµ

• Krein space η〈·|·〉 = 〈·|η̂|·〉 ↔ η̂ x̂µη̂−1 = x̂µ

— well-defined integrals for wavefunctions

• noncommutative Minkowski spacetime

• c → ∞ limit gives HR(3) QM at each time value



What Next ? :-

• practical ? quantum information as q-numbers

• Math : q-numbers as scalars ? – algebra; tangent space

— Nullstellensatz (complete factorization)

• theory with noncommutative X-X, P -P ?

— quantum phase space as minimal NCG

• quantum field theory ? — m = 0

• gravity? – geometrodynamics of noncommutative spacetime



THANK Y OU !

well done Otto !
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