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1. Neural networks < field theories (high-level summary).



What is a (deep) neural network?
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Goal (supervised learning): learn a function y = f(X) from training dataset (X, y, ).
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What s a (deep) neural network?

Goal (supervised learning): learn a function y = f(X) from training dataset (X, y,).

Archetype: multilayer perceptron.

. no - " nonlinear activation
1), 1 1 .
¢, () = ZWz'j z;+b;", function (e.g. tanh)

j=1

g1
o (&) =Y Wiga (¢ V(@) + b7 (£>2).

7=1

weights
\—\/—_—J

trainable parameters:

O randomly initialized

O then updated by gradient descent to
input layer hidden layer 1 hidden layer 2 output layer minimize a lOSS, e.g. Z (f(xa) . ya>2

a



Neural networks < field theories (1/2)

Ensemble of networks, randomly initialized.

Neurons <« scalar fields ¢(x) .

Ensemble statistics <> action: P(¢) = e ¥

Infinitely-wide networks* (n — o0) <> free theories. L

Wide networks (n > L) <> weakly-interacting theories (perturbation theory!).

* Neal '96. Williams '96.



Neural networks < field theories (2/2)

input (UV) output (IR)

Low level features Mid level features High level features

Edges, dark spots Eyes, ears, nose Facial structure



Neural networks < field theories (2/2)

input (UV) output (IR)

Exponential scaling (generic) <> flow to trivial fixed point.

Tune to criticality* = power-law scaling <> nontrivial fixed point.

* Raghu et al '16. Poole et al '16. Schoenholz et al '16.



A theory of everything deep learning (opening the black box)?

Lee et al '17-19. Matthews et al '18. Yang '19-23. X
THE PRINCIPLES OF

Jacot, Gabriel, Hongler '18. DEEP LEARNING
THEORY

An Effective Theory Approach

Antognini '19. Huang, Yau '19. . An Effective Theory Approach
o Understanding Neural Networks

Yaida '19, '22. Hanin, Nica '19. Hanin '21, '22.

Dyer, Gur-Ari '19. Aitken, Gur-Ari 20. Andreassen, Dyer 20.

Naveh, Ringel et al '20, '21. Zavatone-Veth et al 21.

Roberts, Yaida, Hanin 21. (Our work is largely inspired by this book.)

Daniel A. Roberts and Sho Yaida

based on research in collaboration with Boris Hanin




A theory of everything deep learning (opening the black box)?

A new angle to learn about field theories?

Schoenholz, Pennington, Sohl-Dickstein '17.
Cohen, Malka, Ringel '19.

Erbin, Lahoche, Samary 21, '22.

Bachtis, Aarts, Lucini '21.

Grosvenor, Jefterson (+ Erdmenger) 21.

Halverson '21; + Maiti, Stoner '20, '21; + Demirtas, Schwartz '23.



Outline

2. EFT of deep neural networks (at initialization).
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Initializing a deep neural network

Network depth (number of layers): L. .

architecture

, hyperparameters
Widths (number of neurons per layer): ng, 1, ....n;, ., n; .

/ N ———  —
input hidden layer output
x e R™ widths > 1 y e R™
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Initializing a deep neural network

Network depth (number of layers): L. .

architecture
, hyperparameters
Widths (number of neurons per layer): ng, 1, ....n;, ., n; . yperp
Tg-1
() f = ¢ £-1) /= ¢
(@) = Wiglo (0] (@) + b,
j=1
Weights and drawn from Gaussian distributions with
: (&) (&) initialization
mean 0, variances C| '/n,_; , C,°7. hyperparameters
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Initializing a-deep-neuratnetwerk an ensemble of networks

Network depth (number of layers): L. .

architecture
, hyperparameters
Widths (number of neurons per layer): ng, 1, ....n;, ., n; . yperp
Lg-1
() f = ¢ £-1) /= ¢
6 () =Y Wiglo (¢ (@) + b7
j=1
Weights and drawn from Gaussian distributions with
: (£) (£) initialization
mean 0, variances C| '/n,_; , C,°7. hyperparameters
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Statistics of the ensemble (at initialization)

We can derive the field theory action S|¢] (next slide).

Then observables (neuron correlators) can be calculated as in field theory:
<¢i(f)()_51) ¢i(2b:)()_€2k)> = [@¢ ¢i(1f)()_51) ¢i(2f)()_§2k)e—5[¢] .

And we can study e.g. how they evolve from layer to layer =

(which can tell us about how deep neural networks process information)

14



Deriving the EFT action S[¢]

P(69]¢¢0) =TT [ awyy PP W) T] [ 0. OG0 [16(6°@) ~ 3 W0 (6 @) ~ 1)
i,] / i / i,z T j=1

() (- @) [l e
V27CE e 203 /1us-1 V2r e 26" / 21 eXp['” (@ (6@ =3 Wi 4 (w))_b")]

=1
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Deriving the EFT action S[¢]

i, /' i / i@ T j=1

! exp (— i ) ! exp (— - ) / 424 () exp [’é A (Z) ((b(e)(a_f) % W, a(qb(e—l)(:i")) b )]
¢ . g (2) p d3q Vs - - rYig ; - U
\/271'(?‘(5) e 2CL(V) /M- \/277(?56) 20{& | 2m j= <

Complete the squares, integrate out W, b, then integrate out A (~ET. of Gaussians) =

P(p® g = [det(ng(K))]_% exp / A Zqﬁ“) )(G9) (1, 2,) (&)

My-1

14 — 14 — 14 14 /-1 /-1
g(e) n81Zg() 1,332 g()(xl, 2) C()-FC‘(;V) ;:z:) (£-1)

J~’L‘2

operator built from ¢“~Y = interactions between adjacent-layer neurons!
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Deriving the EFT action S[¢]

0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Faddeev-Popov?

(this looks like gauge fixing...) |

e~ = P(¢W, ... 1)) = P(¢M) P(¢@|sM) % ,

¢(€)|¢(€ 1) H/dw’&] p(e) Wi, H/db p(e) b)Hé‘( e)(a-;* _ZWZJG ¢(£ 1)(w ) —b)
v / T

W ) 1 ( b” ) / dA; () [ (6) - (é 1)
exp| ——; : exp |t Ni(Z)|o; ' (Z) — Y W;jo ¢» (Z)) — by ]
V27 fny ( 203 /na- \2r e 26,7 2 ( 2y )

= NG

J:E

Complete the squares, integrate out W, b, then integrate out A (~ET. of Gaussians) =

P(89]¢*D) = [det (276®) | exp -/ 54z, 1 3 00(3) (0O) '@, 5) #0(@)

=1

Ny-1

14 14 — 14 14 -1 -1
GO(,,%,) = Eg”a:1, ), G @& =0 +Cy a0l

3332

operator built from ¢“~Y = interactions between adjacent-layer neurons!

15




Deriving the EFT action S[¢]

Faddeev-Popov?

(this looks like gauge fixing...) |

e~ = P(¢W, ... 1)) = P(¢M) P(¢@|sM) % ,

P(¢“ D) =] / AW, Py (Wi;) T1 / db; P (6:) [T 8(6 @) — > Wiy o (8§D (@)) — bs)
i,J / i / 0T T j=1

W2 ) 1 b? dA; (L) () S (€-1)
g e"p(‘ ) [ D ey lins@) (6@ - 3 Wso (6 V@) - u)]
\/2~rC‘ /mw ( 2CL(V)/W-1 \/27r(?§e) 2C:E) 2m ( Z ’ )

Complete the squares, integrate out W, b, then integrate out A (~ET. of Gaussians) =

Ny ~ -
- 2 £ 4
P(99]0*0) = [det (20G®) | exp |- [ dtrd, 5 Zqﬁ“ )(G9) (@1, 72) 47(@)
N— ——— B -
e /2 l 7
/ D)D) exp Z J,f,f )(.’I_:'l) (g“))“l(:z-'l, Ts) '1/92(,6 (i) ghgstsl
) L 1'=1 i
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Deriving the EFT action S[¢]

, o 1 ¢ N . N ng /2 ) -
S = / dzydzy 5y ¢ (#)(G0) 7 (#),8) 6°(#) SO = - / dzdey, S P@) (G9) (@, 2) v (@)
i=1 ' i'=1
S(f) S(b”+1)
HCD y na U HC+D
y X
@D Sy we Sy TV +D
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Deriving the EFT action S[¢]

, o 1 ¢ N . N ng /2 ) -
50 _ / A7) dzy 5 Y ¢;(#1)(G7) (@1, T2) &7 (Z) SO = — / dzdiy 3 P(#) (GO) (@, 8) ¢ ()
i:]. ¢ ?:l=1
S(gf) S(gf+l)
¢(f—1) ¢(f) ¢(L”+1)
X X
® 6O \ \ ® 6O
B S(f) S(f+1)
l//(bﬂ 1) Vs l//(f ) Vs l//(f +1)

Network has directionality! (Loop corrections cancel between ¢ and y when going backward.)

When calculating neuron correlators (¢ “)(x)) ... ¢ (x5)), ghosts do not enter.
1 2k
17



Outline

3. Diagrammatic approach.
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Deriving Feynman rules

7y
5( ) = /drldFQ > ZC’S( (@ g(g)) (*’11«@)0’5 )(12)
Y L N ¢ . ¢ ee ¢- 0, &
g(ﬁ)(ml,mz) — Zgj( )(xl,x2), g( )(xl, 7,) = C( ) 4 C( ) ( 1) J(:r:zl) g]( )(xz,xl)
Ty-1 =1

T

operator built from ¢~V

If 1 were classical background = free theory for ¢,

(Z4)) = 0i,4,0i, GO, %) G\9(¥3,%,) + perms.
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Deriving Feynman rules

¢ 1 £), - 1 oy ()
S(() = /dfldTQ 9 205( )(ml)(g(@) (Z1,T5) 057(: )(’L'2)
=1
L 1 = L0, S L
g(e)(ml’%) = Ng-1 Zgy( )(x17$2)> g§£)(x17x2) C(e) T C(E) (e 1) §e$21) g('e)(xzaxl)
!
operator built from ¢~V
If 1 were classical background = free theory for ¢,
In reality ¢“~1 have statistical fluctuations. e
fn,g 1 Z),%,))
<¢£f)(fl) ¢(€) $2)> — 57*122 <g(£)( — 7'132 Z ?
T 0 60 7, 7
. 3} . ) L L G5 o i
(6(@1) 61(@,) 1) (&3) 1)) = 814,00, (G030, 22) GO(d5, £4)) + perms. = 8iyi, 80, Y + perms
jl:jQ

1 Ty 20



Deriving Feynman rules

'rL£1—1 <g§p)(£l ’ £2)>
£), - £), - . ~
(90(@) 82(3)) = 61,1, (GO@, 82)) = 8iyiy D ? :
ToeB@) (@, Z, Zg

g9 g
<¢7(Jf)(fl) 6 (Z,) r (23) 67 (2, ) = 04,00, (GON@1, Z2) G\(T5, Z4)) + perms. =& i i, E o Dans -+ perms.
J1,32

1 Ly

Effectively, we can simply use the following Feynman rule to build up diagrams.

¢\"\#,,%,) <«— just be sure to attach this to a blob
6O (z,,7,) = CO 4+ 0O &N 5ED
(no external wavy lines) g 2 i@ 95,3

'Tlg 1

-

¢§£)(fl) (p)(’rz)

21



Deriving Feynman rules

ne 1 g.(.‘p)(ml,a:Q
(6:.(@1) 83, (Z2)) = 6,5, (G (@1, T2)) = iy, Y ?
! ¢§‘“( 7)) ¢§“< ) z, Z,

(6(2,) 6(@,) 6 (@) 6N2,)) = 65,4,01,6, (GO (&1, ) GO, 7)) + perms. =0

(3 (2 i3

Effectively, we can simply use the following Feynman rule to build up diagrams.

Further decompose into vev + fluctuation.

L o0~ () Cy A1)
G (T, %) <g (%1, %)) e B (F,T5)
ne-1 "”f ! ne-1 ¢ _. ¢ ) _(e-1) (¢-1
Q](.)( 7, Ty) = C()—i-C'() ](m) J(mz)
. . . EE o . . -z 2y = ;1) ;1) (6-1) (€-1)
C'sf(,;e)(fl) (’)(Tz) (by)(fl) 05&")(,;:2) (»'54(,‘,)('?1) (")(Tz) AJ (‘Ll’ .Lz) o .7 T1 J T2 < .7 X1 J T2 >

Only fluctuation piece (A, single wavy line) contributes to connected correlators.
22



1/n expansion

(€)
£, = = £ C' £-1), o
L g%,7,) 0PE,5) 2 AfVE, 5
() . . . 1
é — - é D — Each Interaction vertex 1S ~ —
® ® @ 9 ® ® n
6NE)  eNE) @) oE) o) elP(@,)

Infinitely-wide network (n — oco0) = free theory.

Finitely-wide network (most relevant in practice) = weakly-interacting theory.
Observables calculated order by order in 1/n.

Interested in of connected correlators (gbz")C ~ O(n'") .

23



2-point correlator

nf 1 g(l’)(
(¢ (f)( 7)) ¢ (f) )Y =6 . Z C?;) 5 zz<g(£)(f17f2)>
‘”(’rl) m(m
Expand in 1/n: (GY(7, %)) = i)%}q@(iz},fz)
o M-
Recall: ¢¥(z,, z,) = n;l_l %;9’3@) (Z1,75), 9(6)( Ty, %) = C(g) + C(E) (gxl) §ex1) (operators of H =)
o

Leading order (LO): use LO (free-theory) propagators to evaluate (:--).

1
Ko (@1,8) = Y ——(G;"(&1,&))een = O + Oy (07,0, )t

y-1
J
o o (1)
"Kernel " ( of K,, UV boundary condition k§"(z,,7,) = C{" + 9 &, -4,).

(well-known in ML literature) 24



Connected 4-point correlator

(€)=
2 (%4
L3
.'134
(0(6))2 1
A(Z,, 2)A . ( )
— (A(Zy, Tp) AL, @ )>;(< n+ O 3
(Ccy A S L 1
4::[ , H /d’l]a (2 1)) ( a) ‘/“ (ljl 'le,?/3,7J4) < (T ’2) ¢(21)¢(z2)>’c(( 1.<A($3)T4 z3 q)("4)>lc(g )+ C)(TL‘)')
symmetry — (j )
factor ()’ e (T 6°A(Z,, Tp) 6°A(5,7,) Wick contraction
W , Hl/ Wa Vi W VY0 V) 55 160(7,) Jcen \ 30()00(0) i

(in agreement with Yaida '19, Roberts, Yaida, Hanin 21) o



Progressing to higher orders

diagrams where the ¢*”A™ blob becomes
disconnected due to contractions among ¢’s
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2-point correlator, NLO

oo
1
F — —_ p —_ —_
(GN30,72)) = > —— K&, %)
p=0 Mg 1
nel 2 ge Y n£1—2 V4(e K
P; oF
1) =
/-1 j ° ® j ® ®
T, T, T T
Cw / (e-1) <52A<fl,fz)> c 1 .- 61A(F), &)
dij, dij, K TR S Lhet' W / di. V! 1)—»’,—a;—+‘—» < 1>42 >
2ns ) PRI I 5550 50 Jen B J LW VT G T ) G s e 56 e

(in agreement with Roberts, Yaida, Hanin '21)
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Connected 6-point correlator

jlaj?aj3 jlaj2aj3
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Connected 8-point correlator

(£-1)
2 Y oy

16 nj,

(£-1) ¢ (£-1) |
LV Vi * 19000y 02a)

32 n;_,

f . .
jﬁ:;ws clagrams degenerate limi: result /(C\y/ )4
1 = 'FI_' _ >AOV< + perms. % ((A4> _ 3<Aa>2\‘
)MQ)V& ng 4\ Y
& S@ ” (€-1
l
:/M(é)qm —| ¢ @ + perms. | + perms. L ‘2/ -4 ((OQAQ‘)(OQA) ~ ’6"A‘2<A°))
. 8 . 4 ngn,.,
C/K s .
2
S 1 V(t-l) 2 A2\2
.‘ r@,o(G)!L: + perms. Rt e 3(0°A%)
1 e
: + perms. 3 m. T 6(0’A7)<09A)
. \_/. »
.
72 1)\2
3 :/w )0\:®w\: —_ >V\®>O<®\\< + perm. | + perius. 1 (‘— 6| <OAA2>(0 A) -2 <02A> )
. I L 16 ne lnc a
) @@
I o
> é @ J L Vi) AN AN (%A
@@ + perms. 16 m a2 12(0'ANFATNIA)
. l £.1"%2.2

YooY
@@ @@ TP
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Outline

4. Structures of neural network EFTs and criticality.
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Criticality

input (UV) output (IR)

Exponential behavior is generic = numerical instability or loss of information.

To avoid this, need to fine-tune network hyperparameters to critical values.
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2-point correlator

r>1= (G —K*| ~ef

y<1=>|{(GDY—K*|~e*

1
RG fixed point

S P I
Ky H=1K* T2 [5(371 — 1) 0(Zy — ) +0(Z, — ) 0(Z3 — 1)

Roughly speaking, {

—

Tune to criticality: x'O(&,, y; 71, Ua)

= §5(GO(F,,1,)) = §(GEV(F,,%,)) = power-law scaling: |(G©)) — K*| ~ gr < critical exponent
32



Hyperparameter tuning

Cw =7 Cw Cy = Cyy Cy =4Cy,
1 F ] 0.2F i 1020 ]
)
Y 01F ] 15[ ]
105} ] 20 __ 10
) QI ) uﬁTm 5
&; 10710+ ] ~ 0 r= : ‘H_‘ ——t y \g 100f ]
S 5 %
) o
~ 10_15 I ] /\\Ei —0.1F _ ~ 105 L i
S
10_20‘ 7 _O'z_l ] Lo Lol st | 1 . ] ] Lo T
1 5 10 o0 30 1 2 10 20 30 1 2 5 10 20 30
14
L. C —Cc Cr =4CF
Cyw 1 Cw 0% 1% w = 1%
1 1020 + ]
. ) g
_ = 1085F i
iy 107 | ey 1 - iy
5 L 3
: | S
< 10710k i - = 1010 i
S S $
S - S
~ 10—15 L _ /§/ 105 B 7
o = RelLU 2 101} ]
10_20‘ ] ] ] T B R o 1 W ] ] Lo T
1 > 0T 0 50 1 2 10 20 30 1 2 5 10 20 30
14

critical point where — U1) 0Ty — 4o) +0(Z) — 4p) 6(Z — 71)
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Higher-point connected correlators?

All of them must have power-law scaling.
Naively more constraints than tunable hyperparameters.

However, they have a common structure!

Jz

5V(")‘***.“f 1 2 o YT, T3, 45915 Y

same introduced in the 2-point correlator analysis!
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Higher-point connected correlators?

All of them must have power-law scaling.
Naively more constraints than tunable hyperparameters.

However, they have a common structure!

ne-o N VIO (Z), By .3 Bopy Tap) [+ -
/- 1)%2y ) - o L) f = — — —
= (n_) ?5-1) T i}” ; fk = SyHl. H X( )(ka’—lstk’;'ka’—laka’)
£-1 Vo " (F1sTos -+ - Yog-1> Uok) k=1
same introduced in the 2-point correlator analysis!
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Higher-point connected correlators?

All of them must have power-law scaling.
Naively more constraints than tunable hyperparameters.

However, they have a common structure!

4

|

J1geeny Tk 2 ' ke
k-1 (= 2. .=z = -k ]
N ('ﬂ,g__z) (Svék—l()llly Loy 3Lop_1, ~L2k;) = sym. H X(l/) (ka’—la 52’{,; 372];;’—13 372]{,)
Te-1 5V2k (gl sy Yas -y Yope-1> ka) Lk'=1 -
— — — ]- — — — —
Single criticality condition: x'(&y, Zy; 71, 7o) D = 5 [5(371 — 1) 0(Zy — ) + (21 — y5) 6(Z, ?/1)]
ED_jee T 9

= Power-law scaling for all connected correlators!
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Numerical verification

Connected 4-pt correlator at criticality.

3L
105 o = ReLU 103 F
e : " - e
S S S
= — o
8 A 8 8
ERL: E 10% ¢ E
£ Ol &
T B S
10 __I 1 1 | 1 1 1 I 11111111|111111111|: 10 :I 1 1 | 1 1 1 1 | 111111111|111111111|:
2 5 10 20 30 2 5 10 20 30
14 14
10%EF
D E £
o 10%k & %
8 - 8 8
L0 E 5
2 5 10 20 30
14 14 14
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Summary

neural networks field theories

Diagrammatic approach to EFTs corresponding to neural networks.

Structures of RG calculation = successful tuning to criticality:.

)
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Summary

neural networks field theories

Diagrammatic approach to EFTs corresponding to neural networks.

Structures of RG calculation = successful tuning to criticality:.
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