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• Inflation  


• Primordial Black Holes :: motivations


• Modified Higgs Inflation


• Stochastic Gravitational Wave  



• Horizon problem.


• Flatness problem.


• Monopole problem — magnetic monopoles 
are predicted to be produced in GUT 
theories.


• Inflation suggested that the Universe that 
we see today came from a very small patch 
of space-time.

Idea of inflation solves a number of problems in Big Bang cosmology.
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a period of exponential expansion in the very early universe, is believed to have taken place some

10�34 seconds after the Big Bang singularity. Remarkably, inflation is thought to be responsible

both for the large-scale homogeneity of the universe and for the small fluctuations that were the

seeds for the formation of structures like our own galaxy.

The central focus of this lecture series will be to explain in full detail the physical mechanism

by which inflation transformed microscopic quantum fluctuations into macroscopic fluctuations in

the energy density of the universe. In this sense inflation provides the most dramatic example

for the theme of TASI 2009: the connection between the ‘physics of the large and the small’.

We will calculate explicitly the statistical properties and the scale dependence of the spectrum of

fluctuations produced by inflation. This result provides the input for all studies of cosmological

structure formation and is one of the great triumphs of modern theoretical cosmology.

1.2 Structure and Evolution of the Universe

There is undeniable evidence for the expansion of the universe: the light from distant galaxies is

systematically shifted towards the red end of the spectrum [4], the observed abundances of the light

elements (H, He, and Li) matches the predictions of Big Bang Nucleosynthesis (BBN) [5], and the

only convincing explanation for the CMB is a relic radiation from a hot early universe [6].
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Figure 2: History of the universe. In this schematic we present key events in the history of the

universe and their associated time and energy scales. We also illustrate several cos-

mological probes that provide us with information about the structure and evolution

of the universe. Acronyms: BBN (Big Bang Nucleosynthesis), LSS (Large-Scale Struc-

ture), BAO (Baryon Acoustic Oscillations), QSO (Quasi-Stellar Objects = Quasars),

Ly↵ (Lyman-alpha), CMB (Cosmic Microwave Background), Ia (Type Ia supernovae),

21cm (hydrogen 21cm-transition).
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reality, inflation ends at some finite time, and the approximation (60) although valid at early times,

breaks down near the end of inflation. So the surface ⌧ = 0 is not the Big Bang, but the end of

inflation. The initial singularity has been pushed back arbitrarily far in conformal time ⌧ ⌧ 0, and

light cones can extend through the apparent Big Bang so that apparently disconnected points are

in causal contact. In other words, because of inflation, ‘there was more (conformal) time before

recombination than we thought’. This is summarized in the conformal diagram in Figure 9.

6 The Physics of Inflation

Inflation is a very unfamiliar physical phenomenon: within a fraction a second the universe grew

exponential at an accelerating rate. In Einstein gravity this requires a negative pressure source or

equivalently a nearly constant energy density. In this section we describe the physical conditions

under which this can arise.

6.1 Scalar Field Dynamics

reheating

Figure 10: Example of an inflaton potential. Acceleration occurs when the potential energy of

the field, V (�), dominates over its kinetic energy, 1

2
�̇
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kinetic energy has grown to become comparable to the potential energy, 1
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fluctuations are created by quantum fluctuations �� about 60 e-folds before the end of

inflation. At reheating, the energy density of the inflaton is converted into radiation.

The simplest models of inflation involve a single scalar field �, the inflaton. Here, we don’t

specify the physical nature of the field �, but simply use it as an order parameter (or clock) to

parameterize the time-evolution of the inflationary energy density. The dynamics of a scalar field

(minimally) coupled to gravity is governed by the action
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The action (61) is the sum of the gravitational Einstein-Hilbert action, SEH, and the action of a

scalar field with canonical kinetic term, S�. The potential V (�) describes the self-interactions of the
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Higgs Inflation Models

• Introducing a non-minimal coupling between the SM Higgs and the 
Ricci scalar R with a non-minimal coupling strength ξ.  The effective 
action:


•

II. REVISITING HIGGS INFLATION MODEL

In this section, we revisit the classical Higgs Inflation model, which considers the SM Higgs

Boson as a promising candidate for inflation. The Higgs inflation model [33] was proposed

a long time ago to bridge the gap between the two most successful models of physics:

the standard model of particle physics and the standard model of cosmology. Numerous

studies [37–43] discussed the possibility of the SM Higgs as the inflaton in di↵erent contexts.

In our discussion, we focus on the simplest model of Higgs Inflation [33]. This model

addresses inflation by introducing a non-minimal coupling, where the SM Higgs is coupled

to the Ricci scalar R with a non-minimal coupling strength ⇠. The e↵ective action for this

theory is given as
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• A conformal transformation:  with  
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PL

h → ϕ

II. REVISITING HIGGS INFLATION MODEL

In this section, we revisit the classical Higgs Inflation model, which considers the SM Higgs

Boson as a promising candidate for inflation. The Higgs inflation model [33] was proposed

a long time ago to bridge the gap between the two most successful models of physics:

the standard model of particle physics and the standard model of cosmology. Numerous

studies [37–43] discussed the possibility of the SM Higgs as the inflaton in di↵erent contexts.

In our discussion, we focus on the simplest model of Higgs Inflation [33]. This model

addresses inflation by introducing a non-minimal coupling, where the SM Higgs is coupled

to the Ricci scalar R with a non-minimal coupling strength ⇠. The e↵ective action for this

theory is given as

SJ =

Z
d
4
x
p
�g
⇥
�

M
2

PL
+ ⇠h

2

2
R+

@µh@
µ
h

2
�

�

4
(h2

� v
2)2
⇤
. (1)

This Lagrangian has been studied in details in many works on inflation [44–46]. The scalar

sector of the SM coupled to the gravity in a non-minimal way. Here the authors considered

the unitary gauge H = hp
2
and neglected the interactions for the time being. An action

in the Einstein frame was obtained by the conformal transformation [47, 48] ĝµ⌫ = ⌦gµ⌫ ,
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• Then obtain the Action in Einstein frame:
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• The slow-roll parameters can be obtained:
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�ĝ
⇥
�

M
2

PL

2
R̂+

@µ�@
µ
�

2
� U(�)

⇤
. (3)

The exponentially flat e↵ective potential for the Higgs field is given by

U(�) =
�M

2

PL

4⇠2

 
1 + exp

⇣
�

2�
p
6MPL

⌘!�2

(4)

The slow-roll parameters of this model of inflation can be expressed as the function of h(�)

as follows

✏ =
M

2

PL

2

 
@U

@�

U

!2

=
4M4

PL

3⇠2h4
(5)

4

⌘ = M
2

PL

 
@
2
U

@�2

U

!
= �

4M2

Pl

3⇠h2
. (6)

The slow roll ends when ✏ = 1, the field value at the end of inflation is given by,

hend =
⇣4
3

⌘ 1
4
⇣
MPL
p
⇠

⌘
. (7)

The number of e-folds that are required to change the field h from hint to hend is given by

Ne =

Z
hint

hend

1

M
2

PL

 
U

@U

@h

(
@�

@h
)2
!
dh . (8)

The field value hint at the beginning of inflation can be expressed as a function of e-folds

hint =
2MPL
p
3⇠

⇥
p
3

2
+Ne

⇤1/2
. (9)

The constraint over the Higgs self coupling constant � and the non-minimal coupling con-

stant ⇠ can be obtained from the COBE normalization U

✏
= (0.027MPL)4[49]. Plugging

Eq. (9) into the COBE normalization, we could express �

⇠2
as a function of the number of

e-folds. For Ne=60, the constrain on �

⇠2
= 4.41026⇥10�10. The inflationary parameters such

as the scalar spectral index ns and the tensor-to-scalar ratio r are defined as ns = 1�6✏+2⌘,

r = 16✏. With the number of e-folds Ne = 60 this model gives the values of r(0.0032) and

ns(0.9633), which are well within the Planck bounds [50] of ns = 0.9677±0.0060 and r < 0.11

at 95% C.L.

The scalar power spectrum PR is defined as

PR =
1

12⇡2

U
3(�)

M
6

PL
U 02(�)

, (10)

where U
0(�) is the derivative of U(�) with respect to � and both U

0(�) and U(�) are

calculated at �int
1. Recent CMB observations [51] suggested the value of PR = 2.1 ⇥ 10�9

at the CMB pivot scale. Using Eq. (10) and Eq. (9) we can express the power spectra as

a function of the number of e-folds with di↵erent choices of �/⇠2. It is evident from Fig. 1

that PR attains a value of 2.1⇥ 10�9 at Ne ⇠ 60 e-folds with �/⇠
2 = 10�10.

The concept of generating PBHs is examined within a class of single-field models of infla-

tion. In this scenario, there is a notable contrast between the dynamics on small cosmological

1 For small field value h ' � and ⌦2
' 1, so the potential for the field � is the same as that for initial higgs

field, for large values of h >> MPL/
p
⇠ the situation change a lot in this limit, � =

q
3
2Mpl log

⇣
h2⇠
Mpl2 + 1

⌘

5

• The slow roll ends at , the no. of e-folds, and the initial field value ϵ = 1

⌘ = M
2

PL

 
@
2
U

@�2

U

!
= �

4M2

Pl

3⇠h2
. (6)

The slow roll ends when ✏ = 1, the field value at the end of inflation is given by,

hend =
⇣4
3

⌘ 1
4
⇣
MPL
p
⇠

⌘
. (7)

The number of e-folds that are required to change the field h from hint to hend is given by

Ne =

Z
hint

hend

1

M
2

PL

 
U

@U

@h

(
@�

@h
)2
!
dh . (8)

The field value hint at the beginning of inflation can be expressed as a function of e-folds

hint =
2MPL
p
3⇠

⇥
p
3

2
+Ne

⇤1/2
. (9)

The constraint over the Higgs self coupling constant � and the non-minimal coupling con-

stant ⇠ can be obtained from the COBE normalization U

✏
= (0.027MPL)4[49]. Plugging

Eq. (9) into the COBE normalization, we could express �

⇠2
as a function of the number of

e-folds. For Ne=60, the constrain on �

⇠2
= 4.41026⇥10�10. The inflationary parameters such

as the scalar spectral index ns and the tensor-to-scalar ratio r are defined as ns = 1�6✏+2⌘,

r = 16✏. With the number of e-folds Ne = 60 this model gives the values of r(0.0032) and

ns(0.9633), which are well within the Planck bounds [50] of ns = 0.9677±0.0060 and r < 0.11

at 95% C.L.

The scalar power spectrum PR is defined as

PR =
1

12⇡2

U
3(�)

M
6

PL
U 02(�)

, (10)

where U
0(�) is the derivative of U(�) with respect to � and both U

0(�) and U(�) are

calculated at �int
1. Recent CMB observations [51] suggested the value of PR = 2.1 ⇥ 10�9

at the CMB pivot scale. Using Eq. (10) and Eq. (9) we can express the power spectra as

a function of the number of e-folds with di↵erent choices of �/⇠2. It is evident from Fig. 1

that PR attains a value of 2.1⇥ 10�9 at Ne ⇠ 60 e-folds with �/⇠
2 = 10�10.

The concept of generating PBHs is examined within a class of single-field models of infla-

tion. In this scenario, there is a notable contrast between the dynamics on small cosmological

1 For small field value h ' � and ⌦2
' 1, so the potential for the field � is the same as that for initial higgs

field, for large values of h >> MPL/
p
⇠ the situation change a lot in this limit, � =

q
3
2Mpl log

⇣
h2⇠
Mpl2 + 1

⌘

5

⌘ = M
2

PL

 
@
2
U

@�2

U

!
= �

4M2

Pl

3⇠h2
. (6)

The slow roll ends when ✏ = 1, the field value at the end of inflation is given by,

hend =
⇣4
3

⌘ 1
4
⇣
MPL
p
⇠

⌘
. (7)

The number of e-folds that are required to change the field h from hint to hend is given by

Ne =

Z
hint

hend

1

M
2

PL

 
U

@U

@h

(
@�

@h
)2
!
dh . (8)

The field value hint at the beginning of inflation can be expressed as a function of e-folds

hint =
2MPL
p
3⇠

⇥
p
3

2
+Ne

⇤1/2
. (9)

The constraint over the Higgs self coupling constant � and the non-minimal coupling con-

stant ⇠ can be obtained from the COBE normalization U

✏
= (0.027MPL)4[49]. Plugging

Eq. (9) into the COBE normalization, we could express �

⇠2
as a function of the number of

e-folds. For Ne=60, the constrain on �

⇠2
= 4.41026⇥10�10. The inflationary parameters such

as the scalar spectral index ns and the tensor-to-scalar ratio r are defined as ns = 1�6✏+2⌘,

r = 16✏. With the number of e-folds Ne = 60 this model gives the values of r(0.0032) and

ns(0.9633), which are well within the Planck bounds [50] of ns = 0.9677±0.0060 and r < 0.11

at 95% C.L.

The scalar power spectrum PR is defined as

PR =
1

12⇡2

U
3(�)

M
6

PL
U 02(�)

, (10)

where U
0(�) is the derivative of U(�) with respect to � and both U

0(�) and U(�) are

calculated at �int
1. Recent CMB observations [51] suggested the value of PR = 2.1 ⇥ 10�9

at the CMB pivot scale. Using Eq. (10) and Eq. (9) we can express the power spectra as

a function of the number of e-folds with di↵erent choices of �/⇠2. It is evident from Fig. 1

that PR attains a value of 2.1⇥ 10�9 at Ne ⇠ 60 e-folds with �/⇠
2 = 10�10.

The concept of generating PBHs is examined within a class of single-field models of infla-

tion. In this scenario, there is a notable contrast between the dynamics on small cosmological

1 For small field value h ' � and ⌦2
' 1, so the potential for the field � is the same as that for initial higgs

field, for large values of h >> MPL/
p
⇠ the situation change a lot in this limit, � =

q
3
2Mpl log

⇣
h2⇠
Mpl2 + 1

⌘

5

⌘ = M
2

PL

 
@
2
U

@�2

U

!
= �

4M2

Pl

3⇠h2
. (6)

The slow roll ends when ✏ = 1, the field value at the end of inflation is given by,

hend =
⇣4
3

⌘ 1
4
⇣
MPL
p
⇠

⌘
. (7)

The number of e-folds that are required to change the field h from hint to hend is given by

Ne =

Z
hint

hend

1

M
2

PL

 
U

@U

@h

(
@�

@h
)2
!
dh . (8)

The field value hint at the beginning of inflation can be expressed as a function of e-folds

hint =
2MPL
p
3⇠

⇥
p
3

2
+Ne

⇤1/2
. (9)

The constraint over the Higgs self coupling constant � and the non-minimal coupling con-

stant ⇠ can be obtained from the COBE normalization U

✏
= (0.027MPL)4[49]. Plugging

Eq. (9) into the COBE normalization, we could express �
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as a function of the number of

e-folds. For Ne=60, the constrain on �

⇠2
= 4.41026⇥10�10. The inflationary parameters such
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r = 16✏. With the number of e-folds Ne = 60 this model gives the values of r(0.0032) and
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calculated at �int
1. Recent CMB observations [51] suggested the value of PR = 2.1 ⇥ 10�9

at the CMB pivot scale. Using Eq. (10) and Eq. (9) we can express the power spectra as

a function of the number of e-folds with di↵erent choices of �/⇠2. It is evident from Fig. 1

that PR attains a value of 2.1⇥ 10�9 at Ne ⇠ 60 e-folds with �/⇠
2 = 10�10.

The concept of generating PBHs is examined within a class of single-field models of infla-

tion. In this scenario, there is a notable contrast between the dynamics on small cosmological
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Fine-tuning in Higgs inflation

• : Higgs self coupling     : non-minimal coupling


• For enough e-fold  


• The scalar spectral index  and tensor-to-scalar ratio 


  


  Well within the Planck bound.


• With    the non-minimal coupling  is very large

λ ξ

Ne ≈ 60 ⇒ λ/ξ2 ∼ 4.4 × 10−10

ns r

ns = 1 − 6ϵ + 2η ≈ 0.9633, r = 16ϵ = 0.0032

λ = O(1) ξ ≃ 105



λ/ξ2=1e-2

λ/ξ2=1e-4

λ/ξ2=1e-6

λ/ξ2=1e-9

λ/ξ2=1e-10
ℛ=2.1e-9

10 20 30 40 50 60 70 80
10-14

10-11

10-8

10-5

0.01

Ne


ℛ

FIG. 1. Scalar power spectra PR as the function of the number of e-folds Ne with di↵erent choices

of �/⇠2.

scales and the dynamics on large scales observed through the cosmic microwave background

(CMB). This disparity proves advantageous in establishing the appropriate conditions for

generating PBHs. Consequently, as the perturbed scales re-enter our Universe’s horizon dur-

ing later stages of radiation and subsequent matter dominance, these initial seeds undergo

collapse, leading to the formation of PBHs.

The generation of substantial scalar fluctuations during the inflationary period can lead

to formation of significant density fluctuations, which play a vital role in the emergence of

PBHs. The study of PBHs has garnered considerable attention over years, as PHBs have the

potential to contribute a significant portion or even the entirety of the dark matter content

of the Universe. However, the abundance of PBHs is subject to a number of stringent con-

straints imposed by their gravitational e↵ects and evaporation rate. To produce PBHs in the

early Universe, the magnitude of the curvature power spectrum needs to be approximately

at the order of 10�3 to 10�2. In order to satisfy a successful inflation model, the curvature

power spectrum is expected to yield a value of approximately 2.1 ⇥ 10�9 at the scale of

the CMB. Based on the information presented in Fig. 1, it is evident that the basic Higgs

inflation model [33] lacks the ability to simultaneously address both the inflationary period

and the production of PBHs. Several attempts have been made to address both scenar-
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• CMB suggested at pivot scale





• Achievable for 


  At 

𝒫R = 2.1 × 10−9

λ/ξ2 ∼ 10−10

Ne = 60



Story for Primordial Black Holes

• Stellar BH originates from the death of a massive star toward the end of its 
life — supernova explosion. The remnant is so heavy that it collapses into BH. 


• Shortly after Big Bang when the Universe is filled up with radiation and 
fundamental particles such as quarks and gluons. Natural density perturbation 
will cause some regions with more and some with less. Those regions with 
enough radiation and particles can collapse itself into BH with various mass 
and size — Primordial Black Hole (PBH).  Typically, the density contrast of                   

   is required.
δρ
ρ

∼ 0.1





Story of PBH ….

• PBH could account for all 
or part of the dark matter 
(DM) of the Universe, 
explaining the gravitational 
lensing effects of galaxies 
and galactic clusters.


• Some PBH could be very 
massive, forming SMBH 
fueling formation of galaxy 
earlier than expected.


• Observed LIGO BH merger 
can be accounted for by the 
PBH binaries.



Conditions for PBH Formation

• Need substantial scalar fluctuation during inflationary period, which 
can lead to significant density fluctuation  PBH formation


• To produce PBH in early Universe the curvature power spectrum


   


• In order to have a successful inflation,  at the CMB 
scale. 


• The Higgs inflation model with a non-minimal coupling cannot address 
both inflation and PBH simultaneously.


• We want the PBH formation during the radiation epoch before the 
CMB scale. 

⇒

𝒫R ∼ 10−3 − 10−2

𝒫R ≈ 2.1 × 10−9



Modified Higgs Inflation Model

• Adding a Gaussian dip or bump to the Higgs potential:


• After the conformal transformation, the inflationary 
potential is

ios, inflation and the production of PBHs, within the framework of Higgs Inflation. These

attempts involve the introduction of new interactions to the Higgs field. By incorporating

these additional interactions, it is possible to achieve a successful inflationary period while

also generating the necessary conditions for production of PBHs [52–57].

III. MODIFIED HIGGS POTENTIAL

This study examines a modified version of the Higgs potential that aims to address both

the inflation and production of PBHs. Additionally, we investigate the implications of this

modified potential in light of the recent NANOGrav signal [58]. Here we are adding a

Gaussian dip (bump) [59] to the Higgs potential in Eq. (1). The structure of the Gaussian

bump (dip) is given as follows
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The Gaussian bump (dip) described in the above potential is featured by its height (depth)

A and position h0 and width �. The potential can be expressed in terms of the redefined

field � using equations 12 and 2. The slow roll parameters and the power spectrum for the

modified Higgs potential are given in Appendix A

A. Parameter space search

In order to investigate the appropriate parameter space of the power spectra PR[A, �, h0,�, ⇠]

that yields a value of PR = 10�2
� 10�3 for primordial black hole (PBH) formation and

PR = 2.1⇥10�9 for a successful inflation model at the cosmic microwave background (CMB)

scale, we conduct a scan over the characteristics of the bump and dip. For this analysis, we

fix the Higgs self-coupling constant at � = 0.1 and the Higgs gravity coupling at ⇠ = 104.

Our parameter scans reveal that the addition of a dip feature to the potential produces

a desired power spectrum for PBH formation in the early stages of inflation, as depicted
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• The bump (dip) is featured by , position , and width .  The power spectrum


  that needs  for PBH formation and 


  at the CMB scale for successful inflation.

A h0 σ

𝒫R[ A, σ, h0, λ, ξ] 𝒫R = 10−3 − 10−2

𝒫R = 2.1 × 10−9



FIG. 2. The contour plot illustrates the permitted parameter space of � and Ne for di↵erent

choices of A and h0 in the scenario of adding a dip structure, where the green contours correspond

to PR = 1⇥ 10�2 and the red contours correspond to PR = 2.1⇥ 10�9.

equal to 1/
p
3, resulting in �c = c

2

s
= 1/3, which is equivalent to the parameter !. However,

recent literature suggests a value of �c around 0.4. When the density fluctuation exceeds

the critical density, overdense regions collapse and give rise to the formation of primordial

black holes (PBHs).

The critical density parameter is linked to the equation of state of the background by the
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Effects of adding a DIP.  


Contour: red , green: .  It is possible to find 


such that PBH requirement is fulfilled before the end of inflation at  

𝒫R = 2.1 × 10−9 𝒫R = 10−2 σ

Ne ≈ 60



A=0.29, σ=1.31e17 GeV, h0=1.76e17 GeV
A=0.3, σ=1.40e17 GeV, h0=1.8e17 GeV
A=0.1, σ=6.75e16 GeV, h0=1.8e17 GeV
A=0.3, σ=1.74e17 GeV, h0=2e17 GeV
A=0.1, σ=8.45e17 GeV, h0=2e17 GeV
A=0.075, σ=7.83e16 GeV, h0=2.1e17 GeV
ℛ=2.1e-9
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FIG. 3. The power spectra PR versus the number of e-folds Ne. Here the power spectra exhibit

new characteristics as a result of the addition of a Gaussian dip in the Higgs potential.

following equation[63–65]:

�c =
3(1 + !)

5 + 3!
sin2

 
⇡
p
!

1 + 3!

!
(14)

During the radiation-dominated epoch, when ! = 1/3, the critical density parameter can

be calculated as �c = 0.414. It is important to note that Eq.14 is not applicable during the

matter-dominated epoch, characterized by ! = 0.

In the Press-Schechter formalism [66], the probability that the Gaussian density contrast,

or alternatively, the Gaussian comoving curvature perturbations coarse-grained over the

comoving Hubble scale by a suitable window function, is greater than the critical density �c

for primordial black hole (PBH) formation is defined in terms of the mass fraction (�(M))

for a given mass M . This probability is expressed as follows:

�(MPBH) = 2�

Z 1

�c

d�
p
2⇡�MPH

exp

⇣
�

�
2

2�2

PBH

⌘
'

r
2

⇡

�

⌫c
exp

⇣
�

⌫
2

c

2

⌘
, (15)

where � is the fraction of mass transformed to be PBHs that has � > �c, and in this study,
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Power Spectrum features


A peak  before


e-fold reaches 60.

𝒫R ∼ 10−2



FIG. 6. The contour plot illustrates the permitted parameter space of � andNe for di↵erent choices

of A and h0 in the scenario of adding a bump structure, where the green contours correspond to

PR = 1⇥ 10�2 and the red contours correspond to PR = 2.1⇥ 10�9

characterized by a bump with a height of A = 0.1 (or 0.3) and positioned at 1.8 ⇥ 1017

GeV (or 2 ⇥ 1017 GeV). By scanning the values of � and Ne, we generate the necessary

power spectra for PBH formation. It is observed that these parameter combinations are

e↵ective for generating PBHs during later and heavier epochs of inflation, as illustrated in

Figure 2. Conversely, when a similar set of values is used with a dip feature in the potential,

it facilitates PBH formation during smaller e-folding periods.

Appendix C: PBH abundance Vs � values

In this section, we demonstrate, using Fig. 7, that when both the depth A and position

h0 of the dip in the potential are fixed at specific values, increasing the width � leads to a

20

Effects of adding a BUMP.  


Contour: red , green: .  The PBH requirement is 
fulfilled only AFTER the end of inflation.

𝒫R = 2.1 × 10−9 𝒫R = 10−2



PBH Formation

in Fig. 2. On the other hand, the inclusion of a bump feature in the potential only results

in the required power spectrum for PBH formation at late CMB scales (see Appendix B-

Fig. 6).

Figure 2 illustrates the parameter space of � and Ne with varying values of A and h0.

The red contour represents combinations of � and Ne that yield PR = 2.1⇥ 10�9 with fixed

A and h0. Meanwhile, the green contour represents PR = 1⇥ 10�2. We consider a range of

� from 1015 to 1018 GeV and choose four arbitrary values for the depth of the dip A (0.075,

0.1, 0.29, and 0.3). Similarly, we select four arbitrary values for the position of the dip h0

(1.76⇥ 1017 GeV, 1.8⇥ 1017 GeV, 2⇥ 1017 GeV, and 2.1⇥ 1017 GeV). For each combination

we identify the corresponding values of � that yield the desired PR values for both inflation

and PBH formation.

By observing Fig. 3 it becomes evident that certain parameter combinations can gener-

ate the correct power spectrum for both PBH formation and inflation at CMB scales. A

comparison between Fig. 3 and Fig. 1 allows us to readily identify that the inclusion of a

Gaussian dip in the potential has a significant impact on the power spectrum and enabling

the formation of PHB seeds.

IV. PBH FORMATION

The PBH formation requires the power spectrum to be at least O(0.01), the power spec-

trum recorded in Fig. 3 guarantees this requirement. The power spectrum has a narrow

peak without oscillations. The curvature perturbation Rk is related to the density contrast

by

�(t, k) =
2(1 + !)

5 + 3!

k

aH
Rk . (13)

When the perturbations reenter the horizon in the radiation-dominated era, the over-dense

region in the Universe (with � > �c) would collapse into PBHs due to the increased ampli-

fication of curvature perturbations. This collapse occurs with ! = 1/3 and �(t, k) = 4

9
Rk.

Since the specifics of the PBH formation process are still unclear [60, 61], the precise value

of the threshold �c remains uncertain. The original estimation of the critical density was

first proposed by Bernard Carr in 1975 [62]. Carr demonstrated that overdensities collapse

when the density contrast �c equals the square of the sound speed, denoted as c
2

s
, with cs

representing the sound speed. During the radiation-dominated epoch, the sound speed is

8

• PBH formation requires , the curvature perturbation  
is related to density contrast  by

𝒫R ∼ O(0.01) ℛk
δ(t, k)

•The over-dense region in Universe with  would collapse into 
PBH


• The mass fraction  is given in terms of  , and related to 
the abundance .

δ > δc ≈ 0.4

β(MPBH) δc, 𝒫R
fPBH

TABLE I. Inflationary observables for the di↵erent choices of the potential parameters. The

resulting PBH fraction fPBH of each region is indicated in Fig. 4. Here N is the number of e-folds,

A, h0, and � are the depth, the position, and the width of the dip, respectively. It’s worth noting

that the required peak and position (corresponding e-folds) of the power spectrum for the formation

of primordial black holes are depicted in Figure 3. The values of N shown in column 5 of Table I

represent the number of e-folds at which the power spectrum curves of each region overlap with

the Planck 18’ data. The values of ns and r, found in columns 6 and 7 of Table I respectively, are

evaluated using the distinctive features of the dip at the number of e-folds presented in column 5

of Table I.

Region A h0(GeV) �(GeV) N ns r

a 0.29 1.76⇥ 1017 1.31⇥ 1017 N=47 0.950907 0.0242479

b 0.3 1.8⇥ 1017 1.40⇥ 1017 N=50 0.980819 0.0244824

c 0.1 1.8⇥ 1017 6.75⇥ 1016 N=51 0.988732 0.0300489

d 0.3 2⇥ 1017 1.74⇥ 1017 N=65 0.98924 0.0206994

e 0.1 2⇥ 1017 8.45⇥ 1016 N=68 0.98953 0.0279209

f 0.075 2.1⇥ 1017 7.83⇥ 1016 N=78 0.989654 0.0275894

we choose � = 0.4 [52, 67–69]. Here ⌫c = �c/�MPBH
and the variance �MPBH

is defined as

�
2

MPBH
=

Z 1

0

dk

k

16

81
(kR)4W 2(kR)PR(k) , (16)

where W (kR) is the window used to smooth the density contrast on comoving scale R. We

use the Gaussian-type window function in this work,

W (kR) = exp
⇣
�

k
2
R

2

2

⌘
. (17)

The mass fraction is ultimately determined or obtained by performing the necessary calcula-

tions or calculations based on the assumptions and considerations mentioned earlier[70, 71].

�(MPBH) = �

r
2

⇡

4PR(k)

9�c
exp

⇣
�

81�2
c

32PR(k)

⌘
. (18)

The mass fraction of PBHs can be related to the abundance fPBH as follows when considering

PBHs as a fraction of dark matter:

�(MPBH) = 3.7⇥ 10�9

⇣
�

0.2

⌘�1/2

⇥

⇣
g⇤form

10.75

⌘1/4⇣MPBH

M�

⌘1/2

fPBH , (19)
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• The mass of PBH at formation is a fraction of the horizon mass: 

Topical Review

9

where ψS  and ψL are defined by

ψS = (1 + 2fNLψg,L + fNLψg,S)ψg,S, ψL = ψg,L + fNLψ
2
g,L. (18)

By definition, |∂iψS| ∼ kSψS, |∂iψL| ∼ kLψL  hold. Then, ignoring the terms suppressed by a 
factor kL, the 3-curvature given by equation (7) can be written as

R(3) ≈ −e−2ψS

3a2
L
δij(2∂i∂jψS + ∂iψS∂jψS), (19)

where aL = eψL a is the local scale factor. For |ψS| = O(1), R(3) given above represents space 
curvature on the comoving scale k−1

S . Since ψS  contains the long mode ψg,L, the magnitude of 
the short mode 3-curvature modulates over the comoving scale k−1

L . As a result, PBH number 
density also modulates on the comoving scale k−1

L , and PBHs are clustered on the large scale 
k−1

L . For more detail, see [57, 61].

2.3. Abundance of PBHs

In order to investigate the abundance of PBHs formed, let us introduce a parameter which 
represents the mass fraction (the energy density fraction) of PBHs at the formation as β, which 
can be defined as

β :=
ρPBH

ρtot

∣∣∣∣
at formation

=

(
H0

Hform

)2(aform

a0

)−3

ΩCDM fPBH, (20)

where H := ȧ/a is a Hubble parameter, fPBH and ΩCDM are respectively a fraction of PBHs 
against the total dark matter component and a density parameter of the matter component at 
present, and ‘form’ and ‘0’, respectively, denote the values evaluated at the formation and the 
present time. As we have mentioned in the previous subsection, the mass of PBHs formed in 
the radiation-dominated era can approximately be evaluated to be equal to the horizon mass, 
MH(:= (4π/3)ρH−3 with ρ being the total energy density of the Universe), at the formation, 
and hence we have

MPBH = γMH

∣∣∣∣
at formation

= γ
4π
3
ρformH−3

form = γ
4π
3

3H2
form

8πG
H−3

form

= γ
1

2G
H−1

form.

 

(21)

Here, we introduce a correction factor, γ, which can be evaluated as γ ≃ 0.2 in a simple ana-
lytic calculation [37]. By using the above relation between the mass of PBHs and the Hubble 
parameter at the formation, mass fraction of PBHs, β, can be written as (see e.g. [7])

β ≃ 3.7 × 10−9
( γ

0.2

)−1/2 (g∗,form

10.75

)1/4
(

MPBH

M⊙

)1/2

fPBH, (22)

where g∗ is a number of relativistic degree of freedom. Thus, for each mass of PBHs, the 
observational constraint on fPBH can be interpreted as that on β.

As we have shown in the previous subsection, during the radiation-dominated era, PBHs 
are basically considered to be formed when a sufficiently overdense region, corresponding to 
the density fluctuations with a sufficiently large amplitude at a certain scale, enters the Hubble 
horizon. Once the probability distribution function of the density fluctuations is given, β can 
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hole (PBH) mass spectrum are represented by solid lines with shades. These constraints include
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where M� is the solar mass and g⇤form is the relativistic degrees of freedom at formation.

The mass of PBH at the formation can be written as a fraction of horizon mass given by

MPBH = �
4⇡M2

P

HN

e
2N (20)

where N is the number of e-folds during horizon exit and HN is the Hubble expansion rate

evaluated near the inflection point. One can calculate the mass fraction of PBHs using

Eq.[ 18- 20].

We obtain the abundance of PBHs as dark matter, denoted as fPBH , for a critical thresh-

old parameter �c = 0.414 [67]. The corresponding results are presented in Fig. 4. Information

regarding the distinct regions marked in Fig. 4 can be found in Table I. A dip is observed
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abundance    as follows when considering PBH as a fraction of 
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TABLE I. Inflationary observables for the di↵erent choices of the potential parameters. The

resulting PBH fraction fPBH of each region is indicated in Fig. 4. Here N is the number of e-folds,

A, h0, and � are the depth, the position, and the width of the dip, respectively. It’s worth noting

that the required peak and position (corresponding e-folds) of the power spectrum for the formation

of primordial black holes are depicted in Figure 3. The values of N shown in column 5 of Table I

represent the number of e-folds at which the power spectrum curves of each region overlap with

the Planck 18’ data. The values of ns and r, found in columns 6 and 7 of Table I respectively, are

evaluated using the distinctive features of the dip at the number of e-folds presented in column 5

of Table I.
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and the variance �MPBH

is defined as
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The mass fraction is ultimately determined or obtained by performing the necessary calcula-
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11Here  is the relativistic dot at time of formation,  is chosen to be 0.4.  is the e-fold 
during horizon exit.  is the Hubble expansion rate at the inflection point.
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 Constraints

• EG 


• Subaru HSC microlensing

Kepler microlensing

EROS/MACHO microlensing


• Dynamical heating of ultra

 Faint dwarf galaxy (UFD)

• X-ray / radio

• Accretion constraint by CMB


γ

Parameters of Regions 

a, b the PBH makes up


All DM of Universe 



Stochastic Gravitational Wave Background

• Large density perturbation not only produce PBH, but also generate the 
second-order gravitational wave.


• GW then propagates freely through subsequent epochs of the Universe.


• The frequency of the GW corresponds to the Hubble mass at that time. 
Since the mass of PBH  Hubble mass, the present-day frequency of the 
GW is related to 

∝
MPBH

fGW ' 10�9

⇣
MPBH

30M�

⌘� 1
2
Hz (21)

The large density perturbations not only produce the PBH dark matter but also generate

the second-order gravitational wave signal [82, 83]. In linear perturbation theory, there is a

distinct separation between tensor and scalar perturbations, and they evolve independently.

However, when considering perturbations at the second order, this separation no longer holds

true. The generation of gravitational waves resulting from the initial scalar perturbations

arises due to their interplay and coupling at the second order. The perturbed metric can be

decomposed as [84]

g↵� = ḡ↵� + �g↵� + �
2
g↵�, (22)

The metric components are defined as follows: ḡ↵� represents the background FLRW

metric, �g↵� exclusively contains scalar degrees of freedom, and �
2
g↵� generally encompasses

scalar, vector, and tensor modes induced by �g↵�. However, since our focus is solely on

the induced tensor modes, we neglect any scalar and vector modes at the second order.

Consequently, we express the perturbed metric as follows [81]:

ds
2 = a

2(⌘)

"
� (1 + �)d⌘2 +

h
(1� 2 )�ij +

1

2
hij

i
dx

i
dx

j

#
(23)

In this context, the symbols � and  denote the Bardeen potentials, which characterize

first-order scalar perturbations, as described in reference [85]. It’s worth noting that in the

absence of anisotropic stress, these potentials are equal, i.e., � =  . On the other hand,

we use the notation hij to represent the second-order tensor perturbations that are induced.

It’s important to emphasize that these tensor perturbations possess traceless and transverse

characteristics, meaning that they satisfy @ihij = 0 and h
i

i
= 0

The fourier transform of hij can written as[7],

hij(x, ⌘) =
1

(2⇡)3/2

Z
d
3
ke

ik.x
h
h
+(k, ⌘)q+

ij
(k) + h

⇥(k, ⌘)q⇥
ij
(k)

i
(24)

q
+

ij
and q

⇥
ij

denote the polarization tensors that have non-zero components in the plane

perpendicular to the direction of the propagation and are expressed in terms of orthonormal

basis vectors e and ē orthogonal to k.
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• The generation of gravitational waves due to the initial scalar 
perturbations at the second order: 


• We focus on second-order tensor perturbation , the perturbed metric:

gαβ = ḡαβ + δgαβ + δ2gαβ
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• After manipulation the  satisfies, with the source term:  hij

q
+
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=

1
p
2

h
ei(k)ej(k)� ēi(k)ēj(k)

i
(25)
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(26)

orthonormality leads to the normalization condition: q
�

ij
(k)q�

0
,ij = �

��
0
, where � and �

0

can be either + or ⇥

The modes we are concerned with return within the Hubble radius during the radiation-

dominated era. To describe the dynamics of these Fourier modes, we can derive their equa-

tions of motion by applying second-order perturbations to the Einstein equations, which

account for the induced tensor perturbation, hij. Additionally, we utilize the Bardeen equa-

tion, a di↵erential equation describing scalar perturbations, when �=  . In the context

of radiation domination and in Fourier space, the amplitude of the tensor mode, for each

polarization, is governed by the following equation [84]:
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where the Bardeen potential � = 2R
3

satisfy the equation[86, 88]
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4
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+

1

3
k
2� = 0 (29)

Utilizing the Green function method to solve Equation.[27] yields the present relative energy

density attributed to gravitational waves.[86–88]

⌦GW = 10P2

Raeq (30)

We choose the current scale factor a = 1 and aeq is the value of scale factor at the matter

radiation equality defined as

aeq =
a0

3.1⇥ 104 ⌦Mh2
, (31)
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2

2

d�(~k �
~ek, ⌧)

d⌧

i
d�(~k �

~ek, ⌧)
d⌧

!, (28)

where the Bardeen potential � = 2R
3

satisfy the equation[86, 88]

d
2�

d⌧ 2
+

4

⌧

d�

d⌧
+

1

3
k
2� = 0 (29)

Utilizing the Green function method to solve Equation.[27] yields the present relative energy

density attributed to gravitational waves.[86–88]

⌦GW = 10P2

Raeq (30)

We choose the current scale factor a = 1 and aeq is the value of scale factor at the matter

radiation equality defined as

aeq =
a0

3.1⇥ 104 ⌦Mh2
, (31)
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FIG. 5. The gravitational wave abundance ⌦GWh2 versus the frequency f , corresponding to the

benchmark parameter sets listed in Table I. They are compared with the recent NANOGrav 15

years sensitivity [58] (black curve) and projecting SKA/THEIA [89, 90], which utilize the obser-

vations of pulsar timing array for stochastic GW of O(nHz). The planned GW interferometers

LISA/µAres [91–93] will cover the range from µHz to Hz. Region f is zoomed in at the bottom of

the figure.

where h = H0
100km/s/Mpc

, H0 = 67.27 km/s and ⌦M = 0.3. We plot ⌦GWh
2 in Fig. 5.

In the main plot (Fig. 5), our results indicate the values of ⌦GWh
2, which are divided

into several distinct regions. Each region is denoted and explained in Table I.

Region f, depicted in Fig. 5, is particularly relevant as it can potentially explain the recent

findings from NANOGrav [58]. The parameter space associated with region f is characterized

by a dip in the Higgs potential with a depth of A = 0.075 and a width of 7.83⇥ 1016 GeV.

This dip is positioned at h0 = 2.1⇥ 1017 GeV.

The relationship expressed in Eq. (21) reveals that fGW is proportional to (MPBH)�1/2,
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 with  ,  ΩGWh2 =
10 𝒫2

R a0
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A = 0.075

σ = 7.83 × 1016 GeV

h0 = 2.1 × 1017 GeV

MPBH ≈ 0.1M⊙

fGW ' 10�9

⇣
MPBH

30M�

⌘� 1
2
Hz (21)

The large density perturbations not only produce the PBH dark matter but also generate

the second-order gravitational wave signal [82, 83]. In linear perturbation theory, there is a

distinct separation between tensor and scalar perturbations, and they evolve independently.

However, when considering perturbations at the second order, this separation no longer holds

true. The generation of gravitational waves resulting from the initial scalar perturbations

arises due to their interplay and coupling at the second order. The perturbed metric can be

decomposed as [84]

g↵� = ḡ↵� + �g↵� + �
2
g↵�, (22)

The metric components are defined as follows: ḡ↵� represents the background FLRW

metric, �g↵� exclusively contains scalar degrees of freedom, and �
2
g↵� generally encompasses

scalar, vector, and tensor modes induced by �g↵�. However, since our focus is solely on

the induced tensor modes, we neglect any scalar and vector modes at the second order.

Consequently, we express the perturbed metric as follows [81]:

ds
2 = a

2(⌘)

"
� (1 + �)d⌘2 +

h
(1� 2 )�ij +

1

2
hij

i
dx

i
dx

j

#
(23)

In this context, the symbols � and  denote the Bardeen potentials, which characterize

first-order scalar perturbations, as described in reference [85]. It’s worth noting that in the

absence of anisotropic stress, these potentials are equal, i.e., � =  . On the other hand,

we use the notation hij to represent the second-order tensor perturbations that are induced.

It’s important to emphasize that these tensor perturbations possess traceless and transverse

characteristics, meaning that they satisfy @ihij = 0 and h
i

i
= 0

The fourier transform of hij can written as[7],

hij(x, ⌘) =
1

(2⇡)3/2

Z
d
3
ke

ik.x
h
h
+(k, ⌘)q+

ij
(k) + h

⇥(k, ⌘)q⇥
ij
(k)

i
(24)

q
+

ij
and q

⇥
ij

denote the polarization tensors that have non-zero components in the plane

perpendicular to the direction of the propagation and are expressed in terms of orthonormal

basis vectors e and ē orthogonal to k.
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• A modified Higgs inflation model featured a dip structure could account 
for PBH formation during the radiation epoch before the end of inflation.


• PBH’s can constitute a fraction of the DM and could potentially explain 
the BH mergers detected by LIGO.


• Gravitational wave can be formed simultaneously with the PBH 
formation.  For certain parameter space, the GW can account for the 
data observed by NANOgrav.

Conclusions


