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0. Introduction



Quantum Gravity 

A longstanding unsolved problem in particle physics/theoretical physics 

While there are many attempts, none of them is satisfactory.  

Probably our understanding is insufficient.  We need to reconsider a classical 
theory of gravity, general relativity (GR), before challenging its quantization. 

Simple but fundamental questions

 Is energy conserved in general relativity ?

 Does gravitational field carry energy ? 

 What Is a conserved charge in general relativity ?

These are subjects in my talk.
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I. Energy non-conservation  
in general relativity



I-1. Why (do we think) energy is conserved ?

Invariance under time translation leads to a conserved energy as Noether charge.

Therefore, if a Lagrangian has an explicit time dependence, there is no reason for 
the corresponding energy to conserve.

If a spacetime is curved and time-dependent, energy is not conserved due to a 
lack of translational symmetry. Indeed the energy momentum tensor (EMT) 
satisfies
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For a conserved energy, however, we need 
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2nd and 3rd terms are obstructions.

A natural definition of the energy (though it may not be conserved) 
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ds2 = �(dx0)2 + a2(x0)g̃ijdx
idxj

Energy Momentum Tensor  (perfect fluid)

covariant conservation rµT
µ
⌫ = 0

energy

Freedman-Lemaitre-Robertson-Walker metric

I-2. Energy non-conservation in general relativity: Expansing Universe
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not conserved if P 6= 0
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Energy decreases (increases) since the spacetime expands against  .P > 0 ( < 0)

Matters perform positive (negative) work to the spacetime “piston”.
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⇢: energy density
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P : pressure



I-3. Cases for energy conservation in a curved spacetime

I-3-1. Conservation by symmetry 

The time-like vector  for time translation becomes the Killing vector.ξμ = − δμ
0

Killing vector
<latexit sha1_base64="iaNkjAnCu8evGRM8ZS6pTDDhZLI="></latexit>

rµ⇠⌫ +r⌫⇠µ = 0
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⌫ covariantly conserved
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Tµ⌫ = T ⌫µ

If the metric  is independent of the time coordinate  ,   becomes 

the Killing vector.

gμν x0 ξμ = − δμ
0
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Example Energy of compact star

R

⇢(r)

r1

Metric inside the star
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ds2 = �f(r)(dx0)2 + h(r)dr2 + r2d⌦2

Metric outside the star Schwarzschild metric
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Misner-Sharp mass
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perfect fluid



Misner-Sharp mass
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MS mass correction due to the internal structure of the star <latexit sha1_base64="HILrV+OtZxaDUUolH73W15XamS8="></latexit>

:= �E

Newtonian limit
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! E ! 0
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E = M (R) + ! E ! M (R) Misner-Sharp mass

The total energy is different from the gravitational mass seen far away !

not covariant !



Size of the correction term

For the constant density  , the maximum of  becomes 68% of  .ρ(r) = ρ0 −ΔE M(R)

The total energy of a neutron star may be much smaller than the observed mass.
<latexit sha1_base64="dC4wY+ayZVmrmDKimnekABcO5DM="></latexit>

ENS !
2
3

M sun
<latexit sha1_base64="bMwovetuPp3bv+0n06N90dpwchI="></latexit>

M NS ! 2M sun

How about dark matter ?



I-3-2. Conservation without symmetry

The time-like vector  satisfies the following condition.ξμ = − δμ
0
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E (x0) = E(y0) energy conservation
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Example Gravitational collapse

Black hole (BH) made of the normal matter J. Ovalle, Phys. Rev. D109 (2024) 104032 

matter

horizon 
( )r = h

Schwarzschild vacuum
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mass function
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m(h) =
h
2

, m!(h) = m!! (h) = 0

1. No inner horizon

2. EMT satisfies Null/Weak/Strong 
energy conditions

ms (Singular)

mAdS (AdS)

mR (Regular)

m=ms+mAdS+mR

��
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h = 2

horizon

BH mass

<latexit sha1_base64="wSkJN2ezhhPHCNqEW2kHIVAZ5j4="></latexit>

r ! h



<latexit sha1_base64="CT2K3cVo4sYhvAqjD7lJfZ6IzwE="></latexit>

ds2 = ! (1 + u)dt2 ! 2udtdr + (1 ! u)dr2 + r 2d! 2

Eddington-Finkelstein coordinate
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2m(r )

r

(dropping bars)

We introduce the time dependence as S. Aoki and J. Ovalle, Phys. Rev. D111(2025)024037
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h = 2
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m(r, t )

A vacuum region inside the horizon 
develops during the collapse.

One can explicitly check that 
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Total energy
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The total energy  is conserved and agrees with the BH mass.E

Singularity

No Schwarzschild singularity at  develops during the collapse in finite  .r = 0 t

Kretschmann scalar
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r 6 , x(t) > 1.

matter region

vacuum region

Energy condition
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x(t) = 1Maeda-Martinez 2020
Maeda-Harada 2022

NEC and SEC are satisfied for    α :=
ω
h

≤ 3.13422... WEC are satisfied for    α ≤ 1

Matter describing this collapse is physically acceptable.



The mass function  describes a physical process of the gravitational collapse 
leading to the Schwarzschild BH with  function regularization.

m(r, t)

θ

final state
<latexit sha1_base64="ZW/7QBltJDg2ztKXUisDietko6w="></latexit>
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t !"

m(r, t ) = M ! (r ) Schwarzschild vacuum except r = 0
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The “regularized” Schwarzschild 
metric as a distribution

This metric generates non-zero EMT at 
the origin. Aoki-Onogi-Yokoyama 2021
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T 2
2 = T3

3 = !
M

8! GN

" !(r )
r

non-perfect fluid EMT
(Hawking-Ellis type II) c.f. Oppenheimer-Snyder 1939

This agrees with the EMT in a distributional approach. Balasin-Nachbagauer 1993,1994

BH energy from EMT
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!
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M
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The Schwarzschild BH is made of the point-like matter at the origin.



II. Gravitational fields carry energy ?
Noether’s 2nd theorem and general relativity

S. Aoki and T. Onogi,  Int. J. Mod. Phys. A36 (2022) 2250129. 



II-1. Energy of gravitational field ?
(Like electromagnetic fields) one may define energy for time-dependent 
dynamical gravitational fields which recovers the total energy conservation. 
Indeed, since time translation is a part of general coordinate transformations of 
general relativity (local symmetry), one may define the conserved energy using 
this symmetry. 
However, Noether’s 2nd theorem invalidates such naive thought. One can’t define 
the conserved energy covariantly.

(Historical) definitions

 Pseudo-tensor
<latexit sha1_base64="o2XGDnxusMkqM/IHIL5yOFp1bgs="></latexit>

! µ [
!

" g(Tµ
! + tµ

! )] = 0
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t µ
! pseudo-tensor (non-covariant), gravitational energy ?

Traditional: give up covariance Einstein

 Quasi-local energy Modern: give up a local definition (of energy density)

Komar, Bondi, Arnowitt-Deser-Misner, Gibbons-Hawking

E =
!

dV (local energy) E =
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r !"
dS (quasi-local energy) no local energy 

density
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II-2. Noether’s 2nd theorem

Noether’s 1st theorem

Equations of motion (EOM)
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Global symmetry
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! 0"G #(x)
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! 0: constant parameter

EOM
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! µ N µ = 0
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N µ :=
! L

!" µ #
! G # Noether current

For the conservation of the Noether current, EOM should be used.
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Noether’s 2nd theorem

Local (gauge) symmetry
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! L " = F (" , #µ )$(x)
<latexit sha1_base64="Rp5Dvhsrs/Q/CmkWErzCBhk7jM8="></latexit>

! (x): local parameter

Without using EOM, the local symmetry leads to the following equation.

1. We take  on the boundary  for arbitrary . θ(x) = 0 ∂M M <latexit sha1_base64="BuVcqLWoKnOyA4JacM77r/J/KQo="></latexit>

X (x) = 0

2. Then we take  on the boundary  for arbitrary . θ(x) ≠ 0 ∂M M
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! µ J µ = 0 .

This conservation is always satisfied, thus is non-dynamical/constraint.

This conservation does not reflect the dynamics (EOM) of the system.
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J µ (x) := Gµ (! , " )#(x)



II-3. Noether’s 2nd theorem in general relativity

General relativity <latexit sha1_base64="FWlNyFRhT34+D5ftJF85LhkYkLA="></latexit>

! (x) !" " µ (x) local translations
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conservation
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We stress again that this holds for arbitrary metric  without EOM.gμν

EH action



E. Noether, Gott. Nacho. 1918(1918)235-257 [arXiv:physics/0503066[physics]].

the
d
dy

B (! ) (y, v, . . .)Õs therefore also become linear homogeneous functions of
d

dx
B (! ) (x, u, . . .)Õs so

that
d

dx
B (! ) (x, u, . . .) = 0 or B (! ) (x, u) = const . duly entails

d
dy

B (! ) (y, v, . . .) = 0 or B (! ) (y, v) =

const. as well. So the! Þrst integrals corresponding to aG" in each instance admit of the group,
with result that the further integration is simpliÞed. The simplest example of this is that f is free
of x or of a u, which corresponds to the inÞnitesimal transformation! x = ", ! u = 0, or ! x = 0,

! u = ". We shall have #u = ! "
du
dx

or " respectively, and sinceB is derived from f and #u by

di" erentiation and rational combination, it is free accordingly of x or u respectively, and admits of
the corresponding groups.24

¤ 6. A Hilbertian Assertion

From the foregoing, Þnally, we also obtain the proof of a Hilbertian assertion about the connection
of the failure of laws of conservation of energy proper with Ògeneral relativityÓ (KleinÕs Þrst Note,
G¬ottinger Nachr. 1917, Reply 1st paragraph), and that in a generalized group theory version.

Let the integral I admit of a G! " , and let G" be any Þnite group generated by specializing the
arbitrary functions, and hence a subgroup ofG! " . Then to the inÞnite group G! " there correspond
dependencies (16), and to the Þnite oneG# , divergence relationships (13); and conversely from the
subsistence of any divergence relationships, the invariance ofI follows, with respect to some Þnite
group which will be identical with G# if and only if the #uÕs are linear combinations of those obtained
from G# . Thus the invariance with respect to G# cannot lead to any divergence relationships
di" erent from (13). But since the subsistence of (16) entails the invariance of I with respect to the
inÞnitesimal transformations, ! u, ! x of G! " for any p(x), it entails in particular nothing less than
invariance with respect to the inÞnitesimal transformations ofG# arising therefrom by specialization
and consequently with respect toG# . Thus the divergence relationships

!
$ i #u(! )

i = Div B (! ) must
be consequences of the dependencies (16), which latter may alternatively be written

!
$ i a

( ! )
i =

Div %(! ) where the %(! ) Õs are linear combinations of the Lagrange expressions and their derivatives.
Since the$Õs occur linearly in both (13) and (16), the divergence relations mustthus in particular

be linear combinations of the dependencies (16); Accordingly, DivB (! ) = Div
" #

& á%($)
$

; and

the B (! ) Õs themselves are thus linearly composed of the%Õs, i.e., the Lagrange expressions and their
derivatives, and of functions whose divergence vanishes identically, say like the B ! #Õs encountered
at the close of Section 2, for which Div(B ! #) = 0, and where the divergence at the same time has
the invariant property. I shall refer to divergence relationships in which the B (! ) Õs can be composed
from the Lagrange expressions and their derivatives in the speciÞed manner as Òimproper,Ó and to
all other as Òproper.Ó

If conversely the divergence relations are linear combinations of the dependencies (16), and so
Òimproper,Ó invariance with respect toG# follows from that with respect to G! " ; G# becomes a
subgroup of G! " . The divergence relationships corresponding to an inÞnite groupG# will thus be
improper if and only if G# is a subgroup of an inÞnite group invariant with respect to I .

By specialization of the groups, this yields the original Hilbertian assertion. Let Òdisplacement
groupÓ be understood to mean the Þnite

yi = xi + "i ; vi (y) = ui (x);

24 In the cases where mere invariance of
!

(
"

! i " ui ) dx entails the existence of Þrst integrals, these do not admit
of the entire group G! ; for example,

!
(u!! " u)dx admits of the inÞnitesimal transformation ! x = #2, ! u = #1 + x#3;

whereas the Þrst integral u ! u! x = const ., corresponding to ! x = 0, ! u = x#3, does not admit of the other
two inÞnitesimal transformations, since it explicitly con tains both u and x. To this Þrst integral, there happen to
correspond inÞnitesimal transformations for f that contain derivatives. So we see that invariance

!
. . .

!
(
"

! i " ui ) dx
is at all events a weaker condition than invariance of I , and this should be noted as to a question raised in a previous
remark.
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that is

! xi = ! i , ! ui = 0 , "ui = !
!

!

#ui

#x!
! ! .

Invariance with respect to the displacement group asserts, as weknow, that in

I =
"

. . .
"

f
#

x, u,
#u
#x

, . . .
$

dx, the xÕs do not occur explicitly inf . The associatedn divergence

relationships
!

$ i
#ui

#x!
= Div B (! ) (%= 1 , 2, . . . n)

will be referred to as Òenergy relationships,Ó since the laws of conservationÓ Div B (! ) = 0 corre-
sponding to the variation problem answer to Òlaws of conservation of energy,Ó and theB (! ) Õs to the
Òenergy components.Ó So then we have: IfI admits of the displacement group, then the energy re-
lationships become improper if and only ifI is invariant with respect to an inÞnite group containing
the displacement group as subgroup.25

An example of such inÞnite groups is presented by the group ofall transformations of the xÕs
and such of the induced transformations of theu(x)Õs in which onlyderivatives of the arbitrary
functions p(x) occur; the displacement group is generated by the specializationp(i ) (x) = ! i ; but it
must remain undecided whether this Ñ and the groups generated bychange ofI by a boundary
integral Ñ su " ces to give the most general of these groups. Induced transformations of the speciÞed
kind arise, say, when theuÕs are subjected to the coe" cient transformations of a Òtotal di#erential
form,Ó i.e., a form

%
a d! xi +

%
b d! ! 1xi dx" + . . . containing higher di#erentials besides thedxÕs;

more special induced transformations, in which thep(x)Õs occur in Þrst derivative only, are furnished
by the coe" cient transformations of ordinary di#erential forms

%
c dxi 1 . . . dxi ! , and only these have

ordinarily been considered.
Another group of the speciÞed kind Ñ one which, owing to the occurrence of the logarithmic

term, cannot be coe" cient transformation Ñ is, say, the following:

y = x + p(x); vi = ui + ln(1 + p"(x)) = ui + ln
dy
dx

;

! x = p(x); ! ui = p"(x); 26 " ui = p"(x) ! u"
i p(x).

The dependencies (16) here become

!

i

#
$i u"

i +
d$i

dx

$
= 0 ,

and the improper energy relationships

! #
$i u"

i +
d($i + const.)

dx

$
= 0 .

A simple invariant integral of the group is

I =
"

e! 2u1

u"
1 ! u"

2
dx.

The most generalI is determined by integration of LieÕs di#erential equation (11)

" f +
d

dx
(f á! x) = 0 ,

25 The laws of conservation of energy of classical mechanics as well as those of the old Òtheory of relativityÓ (where!
dx2 goes over into itself) are Òproper,Ó since no inÞnite groups occur.

26 From these inÞnitesimal transformations, the Þnite ones ar e calculated backwards by the method given in Section
4 at end.
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which by substitution of their values for ! x and ! u, provided f is assumed to depend on only Þrst
derivatives of the uÕs, goes over into

" f
" x

p(x) +
! " " f

" ui
!

" f
" u!

i
u!

i + f
#

p!(x) +
! " " f

" u!!
i

#
p!! (x) = 0

(identically in p(x), p!(x), p!! (x)). This system of equations has solutions for as few as two functions
u(x) actually containing the derivatives, namely

f = ( u!
1 ! u!

2) #
$

u1 ! u2,
e" u1

u!
1 ! u!

2

%
,

where # stands for an arbitrary function of the speciÞed arguments.
Hilbert enunciates his assertion to the e" ect that the failure of proper laws of conservation of

energy is a characteristic feature of the Ògeneral theory of relativity.Ó In order for this assertion to
hold good literally, therefore, the term Ògeneral relativityÓ shouldbe taken in a broader sense than
usual, and extended also to the forgoing groups depending onn arbitrary functions. 27

27 This again conÞrms the correctness of a comment of KleinÕs th at the term ÒrelativityÓ current in physics is
replaceable by Òinvariance relative to a group.Ó (Ò ¬Uber die geometrishen Grundlagen der Lorentzgruppe,Ó Jhrb er. d.
Deutsch. Math. Vereinig. 19 (1910), p. 287, reprinted in the Phys. Zeitschrift.)
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 Pseudo-tensor Take  (global time-translation) + EOMξμ = δμ
0

<latexit sha1_base64="LZlY7ICEMQINlAhnWkQliSIzuvE="></latexit>

J µ = Aµ
0 =

!
" g (Tµ

0 + tµ
0)
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Rµ ! =
1
2

gµ! (R ! 2! ) + 2 ! Tµ !

Einstein’s pseudo-tensor
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t µ
! :=

1
2!

!
Rµ

! +
" µ

!

2
(R ! 2! ) + gµ" " #

#! ," ! g"# " µ
"# ,!

"

EMT for gravitational fields ? (Einstein’s interpretation)

Total (pseudo-)energy
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Epseudo = !
!

!
[dd! 1x]0

"
! g

"
T0

0 + t0
0
#

=
!

! !
[dd! 2x]0k ÷B k

0
0

<latexit sha1_base64="lNP0SBEGRVuZhYysubvJiRzo5B8="></latexit>

Aµ
! = ! ! " ÷B "

!
µ

quasi-local expression



 Quasi-local energy

off-shell but covariantly conserved current density including ξμ

<latexit sha1_base64="/Eik/qtizNP55mON0foMm0Qx3Fs="></latexit>

J µ [! ] =
1

2"
!

" g# !

!
# [µ ! ! ]

"
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! µ J µ [" ] = 0

Conserved quasi-local charge (energy?)
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Qquasi [! ] =
!

!
[dd! 1x]µ J µ [! ] =

1
2"

!

! !
[dd! 2x]µ "

!
" g# [µ ! " ] quasi-local expression

One can construct infinitely many conserved charge depending on ξμ

Komar energy, Bondi energy, ADM mass, Wald entropy, Asymptotic charge, etc.



As a summary of I&II: Energy loss of a binary star 

Two different but equivalent points of view

Standard view

Since a binary star is continuously loosing its energy, which is carried away by 
emitted gravitational waves, a period of its rotation becomes shorter and shorter.   

Our view

A period of a binary star rotation becomes shorter and its energy decreases 
while emitting gravitational waves, according to Einstein equation in general 
relativity, Since the energy is not conserved, it is not necessary to assign energy 
to gravitational waves.   

(matter) energy covariant, local

<latexit sha1_base64="N44cbN8UsgqXL43XqSOgcJWArh8="></latexit>

E (x0) =
!

! (x 0 )
d! µ Tµ

! ! !
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! µ = ! " µ
0 : a vector for the global time-translation



Question : Can “vacuum” create a star/BH ? 

Vacuum

<latexit sha1_base64="05L1mKMwKwgoTuXmQ7mdEgjZkOQ="></latexit>

Tµ ! = 0 , Gµ! = 0

<latexit sha1_base64="aErxoIcFoGJUUB5qyEC6sHEoNL8="></latexit>

Rµ !"# != 0 ,

?

Einstein equation
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Tµ ! != 0 ,

<latexit sha1_base64="SLtpmq9ePwDMJqgGxiCpDClr0EM="></latexit>

! µ Tµ
! = 0 ,
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Gµ ! + ! gµ ! = 2 ! Tµ !

conservation

We will argue that this does not happen in the next section.

star BH

matter

No singularity



III. Conserved charge in curved 
spacetime (including GR)

S. Aoki, Y. Hidaka, K. Kawana and K. Shimada, arXiv:2312.09712[hep-th].

S. Aoki, T. Onogi and S. Yokoyama, Int. J. Mod. Phys. A36 (2021)2150201.



III-1. Proposal for a conserved charge

III-1-1. Decomposition of EMT

We consider the EMT in the following form:
<latexit sha1_base64="b9UiFf9kK+1bvU0k5NRJwzkLhT8="></latexit>

Tµ ! = ! uµ u! + Pµ! , Pµ ! u! = uµ Pµ! = 0

<latexit sha1_base64="Pf4Tx61sVqUpvC3AxPW/4YynqR4="></latexit>

Pµ ! : pressure tensor<latexit sha1_base64="Kl1WD+3jPD1STQQzE46r08ogHH0="></latexit>

uµ : a time-like unit vector
<latexit sha1_base64="z7I5EeMLvSYhETqWbU533SvVuQU="></latexit>

! : energy density

This EMT, classified as the Hawking-Ellis type I, covers standard classical matters 
in 3+1 dimensions.

Hawking&Ellis 1973, Martin-Moruno&Visser 2018

<latexit sha1_base64="DV5Aj3ElTfLO+swdlCHEspCCHWI="></latexit>

! µ Tµ ! = 0 is satisfied as usual.



III-1-2. Hyper-surfaces
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yb

<latexit sha1_base64="/juufPuPaFfXt1v8oGNSmrFUu/I="></latexit>

xP (y)
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uµ (xP (y))

First we pick up an initial space-like hyper-surface   .ℋd−1

We introduce a coordinate   
on  .

ya (a = 1,2,⋯, d − 1)

ℋd−1
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H d! 1 = { xµ
P (y) | y ! Hd! 1}
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H d! 1(! )
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uµ (! , y)
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uµ (0, y)

We define a time-like curve   starting from an arbitrary point  on  :xμ(τ, y) xP(y) ℋd−1

<latexit sha1_base64="68hSFTaJNlez5UIgtBtu/VaahR8="></latexit>

dxµ (! , y)
d!

= uµ (xµ (! , y)) ,

xµ (0, y) = xµ
P (y)

a foliation of hyper-surfaces ℋd−1(τ)
<latexit sha1_base64="eP526HxtwpdSzEqek8KKCcYwnoI="></latexit>

H d! 1(! ) :=
!

xµ (! , y) | " ! ,# y ! Hd! 1
"

<latexit sha1_base64="npJHC+GKqP2/emEWVWpsRFXQ9ds="></latexit>

H d! 1(0) = H d! 1

from EMT



<latexit sha1_base64="F76W+sOcrfzZiyC4BOPcG/gHlyg="></latexit>

H d! 1(! )

<latexit sha1_base64="RRVN/xq9V1bhKY2MhbhAlHNKjJ4="></latexit>

eµ
a (! , y)

<latexit sha1_base64="ZYhwk+gYG/5G4ER05jDgh+NlJEg="></latexit>

xµ (! , y)

<latexit sha1_base64="qBoSEIo0F7LF5qMXYDdfWnW25IE="></latexit>

uµ (! , y)

<latexit sha1_base64="+wwy4LLQD8nW8xQgHk0F/o5wt3U="></latexit>

nµ (! , y)

III-1-3. K := ∇μuμ

 : time-like vector of EMTuμ(τ, y)

 : vector normal to hyper-surface nμ(τ, y) ℋd−1(τ)

 : basis vectors parallel to hyper-surface eμ
a (τ, y)

ℋd−1(τ)

We then obtain

<latexit sha1_base64="BS/py6FBeSsMfkoN7lNVBYaMs4s="></latexit>

K := ! µ uµ = ! ! ln[( " n áu)
#

h]

<latexit sha1_base64="iupf+BllW/st1yx8LhvGnO8DaMk="></latexit>

h = det hab

<latexit sha1_base64="J7A2biAeli9mVwufclCO3pEwpSo="></latexit>

hab: induce metri on hyper-surfaceH d! 1(! )

For the detail, see S. Aoki, Y. Hidaka, K. Kawana and K. Shimada, arXiv:2312.09712[hep-th] 



III-1-4. Conserved current

We construct a conserved current from the EMT using   asuμ(x)
<latexit sha1_base64="7tGeH0wrjJ7Sl0Kv3V3V3+0iyJI="></latexit>

J µ (x) := Tµ
! (x)! (x)u! (x) = ! " (x)! (x)uµ (x)

<latexit sha1_base64="o+AMO+nSo2xy4qSbKtlkISQeExc="></latexit>

:= ! ! (x) This definition is coordinate independent.

We determine  in order to satisfy the conservation law , which readsζ(x) ∇μJμ = 0
<latexit sha1_base64="yShSFMfPWqk7wSzY+bnKBvt6iNI="></latexit>

! µ J µ (x) = " uµ ! µ ("#) " "#K = "
d
d$

("#) " "#K = 0

<latexit sha1_base64="qQHIfxF9UvCTcdDjO8S39cOJtQI="></latexit>

dxµ

d!
"

" xµ
=

d
d!

<latexit sha1_base64="2BPL1IYRCOASkCmG6aNXC9yNnbQ="></latexit>

! (" , y)#(" , y) = ! (0, y)#(0, y) exp
!
!

" !

0
d$ K ($, y)

#
= ! (0, y)#(0, y)

(n áu)
"

h(0, y)

(n áu)
"

h(" , y)

Therefore the conserved current is determined as
<latexit sha1_base64="dlXrMPDaIGNgGOPjfkcYK0aw/uk="></latexit>

J µ (! , y) = ! " (0, y)#(0, y)n(0, y) áu(0, y)
!

h(0, y)
uµ (! , y)

n(! , y) áu(! , y)
!

h(! , y)

initial condition

For a spherically symmetric case,  is know as a Kodama vector.ζμ(x) Kodama ‘80



III-1-５. Geometric current and charge

The conserved current depends on an initial value   .ζ(0,y)

We take covariant initial condition as

geometric conserved current

We don’t need information of  .ε(x)

geometric conserved charge 
(Ògravitational chargeÓ)

covariant under the coordinate transformation of  .ya

(An existence of) the conserved current looks “trivial”.  However,  

in the case of perfect fluids,  entropy and inverse temperature.Q = ζ =

S. Aoki, Y. Hidaka, K. Kawana and K. Shimada, arXiv:2312.09712[hep-th] 

entropy density

<latexit sha1_base64="qTGBbRJ73QhvifbEcM/YGD40V+o="></latexit>

! (0, y)" (0, y) = 1

<latexit sha1_base64="bVqr3eidABrWaukUV7xeDGs/CHI="></latexit>

J µ (! , y) = !
n(0, y) áu(0, y)

!
h(0, y)

n(! , y) áu(! , y)
!

h(! , y)
uµ (! , y)

<latexit sha1_base64="uAwJ19BxErkXLvXMZFMtJp7hKMY="></latexit>

Q =
!

H d ! 1

n(0, y) áu(0, y)
"

h(0, y) dd! 1y

<latexit sha1_base64="vCDRAySq2tYp11VkrdQyjLozU5Q="></latexit>

s(x) := ! (x)" (x) =
g(0, y)
g(#, y)

<latexit sha1_base64="Gv+pxGELaR5VjTscotHtcxFOwZ8="></latexit>

g(! , y) := n(! , y) áu(! , y)
!

h(! , y)



III-2.  Perfect fluid and Stefan-Boltzmann law

EMT for perfect fluid

rµT
µ
⌫ = 0 + EOS (equation of state)

<latexit sha1_base64="OpVL/m+7lVU6pyUOSklJjpzlAdQ="></latexit>

T 0
0 = ! ! (x), T i

j = P(x)" i
j

<latexit sha1_base64="r7c5pYpmp9lY5GLZwpNYdX1iI+I="></latexit>

x = x(! , y)

<latexit sha1_base64="nz76qjaFHb+qB/ysb2b7lj5WrGo="></latexit>

! ! " = ! (" + P)K
<latexit sha1_base64="ChSMO0Evw/OmdBZKeLEmadw+02U="></latexit>

P (! , y) = " (y)#(! , y)

For radiation (without conserved particle numbers), thermodynamics tells
<latexit sha1_base64="Ax7e5/GTl7KCFDiUlo92n6BaiBg="></latexit>

s(! , y) =
" + P

T
(! , y) = (1 + #(y))

" (! , y)
T(! , y)

Inserting this into the first relation, we obtain

<latexit sha1_base64="crLynzMDvba4fra6b99t52gziMk="></latexit>

! (" , y) = ! (0, y) exp
!
! (1 + #(y))

" !

0
d$ K ($, y)

#
= ! (0, y)

$
g(0, y)
g(" , y)

%1+ " (y)

= ! (0, y)s(" , y)1+ " (y)

<latexit sha1_base64="jz8HCe5mBStUpHJIZIoK3U7VzEE="></latexit>

s(0, y) = 1 ! T(0, y) = (1 + ! (y)) " (0, y)

<latexit sha1_base64="ROH/5ORnBUzOZ9Ahp1rxh1R5lDc="></latexit>

! (" , y)
! (0, y)

=
!

1 + #(y)
T(" , y)

! (0, y)
! (" , y)
! (0, y)

" 1+ ! (y)

=
!

T(0, y)
T(" , y)

! (" , y)
! (0, y)

" 1+ ! (y)
<latexit sha1_base64="DtjmtH3NTMI6nAON6KmW0idmn/g="></latexit>

! (y) =
1
3

Stefan-Boltzmann

<latexit sha1_base64="siTpRFi8rfvW7iH27HXkPt0yHyE="></latexit>

! (" , y) = ! (0, y)
!

T(" , y)
T(0, y)

" 1+ 1
! ( y )

= ! (0, y)
!

T(" , y)
T(0, y)

" 4



Scalar function  is proportional to the inverse temperature.ζ(τ, y)

<latexit sha1_base64="8byjg/HaxCfdB+j7WaniN2Zml9k="></latexit>

s(! , y) = "(! , y)#(! , y)
<latexit sha1_base64="86ps1xREIyNKXOFiAqCog8Dpq70="></latexit>

s(! , y) =
1 + " (y)
T(! , y)

#(! , y)

<latexit sha1_base64="VSe48WPrw2ISgUMvLk4YFBWTzy4="></latexit>

! (" , y) =
1 + #(y)
T(" , y)

<latexit sha1_base64="jYefIxe2PKEBC5WuPiFOA9HUdu0="></latexit>

! (0, y) =
1 + " (y)
T(0, y)

=
1

#(0, y)

<latexit sha1_base64="u+r6nbMONWDlwgHIVmIZCRW24Qs="></latexit>

! (" , y) = ! (0, y)
!

T(" , y)
T(0, y)

" 1+ 1
! ( y )

<latexit sha1_base64="OuXq/MENGOvAV+l3IF4O1mVAlUQ="></latexit>

! (" , y) = ! (0, y)
!

g(0, y)
g(" , y)

" 1+ ! (y)

Time-dependence of temperature is determined.

<latexit sha1_base64="RNmH7mtyD0S23/fx+CYqEnSXBzA="></latexit>

T (! , y) = T(0, y)
!

g(0, y)
g(! , y)

" ! (y )

<latexit sha1_base64="Gv+pxGELaR5VjTscotHtcxFOwZ8="></latexit>

g(! , y) := n(! , y) áu(! , y)
!

h(! , y)



III-3. A simple model of expanding Universe (scalar+radiation)

<latexit sha1_base64="fr7wENJnFSK4T3t8T6v0NWkLYqo="></latexit>

! = ! ! + ! R
<latexit sha1_base64="sfB4kigTuvCXXY6elUWwyJvTems="></latexit>

P = P! + PR

EOM for Radiation coupling to scalar field, added by hand

EoM for scalar

<latexit sha1_base64="/kRGsQK0ZWZrEOI7dgpCn6awqdg="></latexit>

! ! =
1
2

ú" 2 + V (" )Energy density
<latexit sha1_base64="B25q/FVIr+xyaGq3I33LiPBUx7U="></latexit>

P! =
1
2

ú! 2 ! V (! )Pressure

<latexit sha1_base64="octneZ0/NQLRcIL+iiwbnFirlVg="></latexit>

V (! ) =
m2

!

2
! 2 +

"
4!

! 4

Total EMT conservation

coupling to radiation, added by hand

<latexit sha1_base64="G3ZQaSLwLCkNehi24WbXHXvcYtQ="></latexit>

PR =
! R

3

S. Aoki and K. Kawana, “Entropy and its conservation in expanding Universe’’,  
International Journal of Modern Physics A38 (2023) 2350072 

<latexit sha1_base64="UldWGmn0njxwB7aB/QHxwpT7SHM="></latexit>

S! =
!

ddx
!

" g
"
"

1
2

gµ" ! µ "! " " " V (" )
#

Fields depend only on time.

Pressure
<latexit sha1_base64="KLTxXgUg7VEz9GWBo2W2/zNdNfg="></latexit>

¬! + 3H ú! +
" V
"!

= ! ! ú!

<latexit sha1_base64="XcvOkY+d7UuplCTKhikIa14P+jA="></latexit>

ú! + 3H (! + P) = 0

<latexit sha1_base64="a1+f1CKRgBVvVtKlPOY021ip6gw="></latexit>

ú! R + 4H ! R = ! (! ! + P! )



Numerical results

<latexit sha1_base64="bunb9WkpmUWuk18IvX/XN8yQNh4="></latexit>

! = 10! 2, m! = 0 .1M Pl , ! = 10! 2m!

<latexit sha1_base64="2Gde/0nYrgMus6egQmjyM2KSA1Y="></latexit>

M Pl :=
1

!
GN

Planck mass
<latexit sha1_base64="Jb8/n4bNeqFqTZM8RKlDtiUvcF0="></latexit>

! (0) = 5 M Pl , ú! (0) = 0 , " (0) =
2#

H (0)
slow roll de Sitter temperature

!

"

#

# !$%$&'()*$&"

!" ! ! "#"! ! !""

!" ! !

"#"!

!

!""

!" !

!" "

! �� $

�� ! ! ! ! "#" " �� ! #$%! "#" ��! #$#%" ��

Matter

total entropy

Radiation Entropy

energy

time

RadiationInflation



!" ! ! "#"! ! !""
! !#"

! "#$

"#"

"#$

!#"

! �� %

��

�� ! ! ! ! "#" " �� ! #$%! "#" ��! #$#%" ��

EoS

time

<latexit sha1_base64="UzIgcCKsf7tXYbwFuXqMqXUL+ZQ="></latexit>

P = w!

Inflation
<latexit sha1_base64="NKakCo+HoCQDwh1c9IohXIwsvgI="></latexit>

! ! " 1

<latexit sha1_base64="f9QfnVAGqVCpS+IXe9bHOOZN/KE="></latexit>

! !
1
3

Radiation

�� �� !!"

�� ! !!"

!" ! ! "#"! ! !""

!" ! "

!" ! #

!" ! $

"#""!

"#!""

!"

! �� $

�� ! ! ! ! "#" " �� ! #$%! "#" ��! #$#%" ��

Energy density

time

Inverse temperature
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�� !!"!#$%&'!#"

!" ! ! "#"! ! !""

!" ! !

"#""!

"#"!"

"#!""

!

! �� $

�� ! ! ! ! "#" " �� ! #$%! "#" ��! #$#%" ��

Inflation Matter
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IV. Summary



matter energy

 is an entropy current while  is an inverse temperature.Jμ ζ

conserved current

Perfect fluid

1. A physical meaning of  (“gravitational current”) for a generic EMT may give 
a hint for quantum gravity.

Jμ

Quantum gravity 

2. Is it necessary to quantize gravity ?

Gravitational fields classically have no contribution to  . Jμ

Therefore they have no exchange of “gravitational quanta” with matter(?)  

<latexit sha1_base64="cV/jSga9PaxP5ghe+5R6cPWrakM="></latexit>

⇠µ := ��µ0

<latexit sha1_base64="AM9lnw0scjEN/f6A9F9ojQJm2Dc="></latexit>

E (x0) :=
!

! x 0

d! µ Tµ
! ! !

<latexit sha1_base64="gyNBcZL12R29wXdhXwOBORyq8t4="></latexit>

J µ (! , y) = ! " (! , y)#(! , y)uµ (! , y)

not conserved in general

Thank you for listening !


