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O. Introduction



Quantum Gravity

A longstanding unsolved problem in particle physics/theoretical physics

While there are many attempts, none of them is satisfactory.

Probably our understanding is insufficient. We need to reconsider a classical
theory of gravity, general relativity (GR), before challenging its quantization.

Simple but fundamental questions

What |s a conserved charge in general relativity ?
Is energy conserved in general relativity 7

Does gravitational field carry energy ?

These are subjects in my talk.
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|. Energy non-conservation
In general relativity



I-1. Why (do we think) energy is conserved ?
Invariance under time translation leads to a conserved energy as Noether charge.

Therefore, if a Lagrangian has an explicit time dependence, there is no reason for
the corresponding energy to conserve.

If a spacetime is curved and time-dependent, energy is not conserved due to a
lack of translational symmetry. Indeed the energy momentum tensor (EMT)
satisfies

Viu(V=9T"y) = 0u(V=gT",) + T}a(V=9T") = T}, (vV=gT"a) = 0

For a conserved energy, however, we need Op(vV—gT",) =0

2nd and 3rd terms are obstructions.

A natural definition of the energy (though it may not be conserved)

E(2Y) = /2 ax,Tw, " = — /O t U RV A
20 z0=const.

. I : :
M= —0y  vector generates time translation



[-2. Energy non-conservation in general relativity: Expansing Universe

Freedman-Lemaitre-Robertson-Walker metric
ds* = —(dz°)* + a*(2°)§;;dx" da?
Energy Momentum Tensor (perfect fluid)

TOO — —p(QEO), Tij = P(ZCO)(S; p: energy density P: pressure

covariant conservation V,T%,=0 —> p+(d—-1)(p+ P)g =0
a

energy E(xY) = —/dd_laz V=9T% =Vy_1a¥ tp, Vy_q:= /dd_lx \/5

| &

a P
— = —(d — 1)a; # 0 not conserved if P # 0

Energy decreases (increases) since the spacetime expands against P > 0(<0) .

Matters perform positive (negative) work to the spacetime “piston”.



|-3. Cases for energy conservation in a curved spacetime
I-3-1. Conservation by symmetry

The time-like vector " = — g/ for time translation becomes the Killing vector.

Killing vector Vi€ + V€ =0 mmmp JH =TH Y  covariantly conserved

1 1
©) s et e

V,.TH =0 TH = TH

If the metric g, is independent of the time coordinate x° , & = — 8/ becomes

the Killing vector.

@ v,ugu T vvfu — augu o ngfa T aug,u o Fg,uga
— —8u9u0 — &/guo =+ gaﬁ (g,uﬁ,l/ =+ 9guvB,u — g,uz/,ﬂ) a0 — _aOg/u/ =0

(8 1 (8%
v,ufz/ — ,ufz/ — Fijfa 51/ — guoz§6 — —9v0 F,uy — 59 B(g,Uﬂ,V T JvB,u — gw/,ﬁ)
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Metric inside the star

Energy of compact star

Metric outside the star SChwarzschild metric

L, 2GNM(R)

r

ds® = —f(r)(dz")? + h(r)dr? + r*dQ?
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Misner-Sharp mass



R
Misner-Sharp mass M(R) = 477/ drr?p(r) not covariant !
0

00 R
Total energy E = —/TZdQQ/ dr/—gT° = 47?/ dr/ f(r)h(r)r?p(r)
0 0

l

E=M(R)— 47TG4/0 dr \/f(r)h3(7") rM(r) (p(r) + P(r))

MS mass correction due to the internal structure of the star := AF

Newtonian limit AFE ~ —47TG4/ drr M(r)p(r) + - --
0

Newtonian gravitational potential energy I
R

Uy = —% d>x d’y pl(}zc)_p(}’}i) = —47TG4/0 drr M(r)p(r) — 1 E1 O

Total energy g =m (Ry+'E! M(R) Misner-Sharp mass

The total energy is different from the gravitational mass seen far away |



Size of the correction term

For the constant density p(r) = p, , the maximum of —AE becomes 68% of M(R) .

The total energy of a neutron star may be much smaller than the observed mass.

2
‘ I\/INS! 2I\/lsun ENS! éMsun

How about dark matter ?



|-3-2. Conservation without symmetry

The time-like vector ¢ = — g/ satisfies the following condition.

TH =" TH ;Jo =0 — J=Tr,¢ covariantly conserved
after a summation e =TH T 1 =0
—» EXY= dr o, TH I is conserved
I 0
' r ' . #
0= di% "g# IH= dix!, " Tgdt = dr ,J*
M M Y
S TgtJh =1, TgdH Stoke’s theorem
* IM = IMg! Tyl 1o
=EXY)! E(y)+ dr ,J*
||!MS#$ O/
| Mg =0

—>  E(°)= E(Y’) energy conservation



Example

Black hole (BH) made of the normal matter

i Schwarzschild vacuum

2m(r) = h,

rl

horizon

1. No Inner horizon

h

Gravitational collapse

ds?=1 1!

i mass function

2. EMT satisfies Null/Weak/Strong

energy conditions

2
2ml‘(r) dt* + 11 2m(r)
) r
r3 r4
= [ -
m(r)=r! 2 +h T
m(h) =

E!

+ r2d! 2

m'(h) = m"(h) =0

J. Ovalle, Phys. Rev. D109 (2024) 104032

— ms (SingUIar)

horizon
— Mags (AdS)
— mg (Regular)
T M=MgtMagst Mg
— BH mass
I\Vll h
_ M = —
2
h=2
0.0 05 1.0 1.5 2.0 25 3.0




2m(r)

Eddington-Finkelstein coordinate t! ®=1t" dr u(r) := |

1+ u r
ds* = | (1+ u)dt®! 2udtdr + (1 ! u)dr?+ r4d! 2 (dropping bars)
We introduce the time dependence as S. Aoki and J. Ovalle, Phys. Rev. D111(2025)024037
~ s rt . X4 o
m(r)—r!ﬁ+ﬁ—h x!x+?,x—H x!1 1
| s x(t)* r
—> m(rt)=h x(t)! x(t)°+ 5 X(t) = he 't x(t)! 1

1.0

A vacuum region inside the horizon
develops during the collapse.

r—<

0.8}

0.6 — ™ One can explicitly check that

0.4}

— | TH L ="TH1,,=0

0.2}

0.0 A A A ' A A
0.0 0.5 1.0 15 2.0 2.5 3.0



t = const. hyper surfaces are space-like.

Thus ¢ can be regarded as “time”.

*
*
’0
*
[




I
Total energy T% =" ! r,':r;(zr’t)

_ : | |
E =1 d ,THo = ! d' drr?T% = 8T dr #m(r,t) = ST.[m(" ) mO.y]= CI\B/I_N

The total energy E is conserved and agrees with the BH mass.

Singularity
No Schwarzschild singularity at » = 0 develops during the collapse in finite ¢ .
v leedt
o o rtaaa x(® L matter region
Ry RWH =
i 12h2
5 5 x(t)> L vacuum region

Energy condition Maeda-Martinez 2020 X()=1 — = he M

Maeda-Harada 2022

NEC and SEC are satisfied for a :=% < 3.13422... WEC are satisfied for a < 1

—— Matter describing this collapse is physically acceptable.



final state MM m(rt)= M!I(r) 10)=0  Schwarzschild vacuum except r =0

The “regularized” Schwarzschild | (
metric as a distribution 08 horizon

0.6 — t,=0
— t]_:l/

This metric generates non-zero EMT at

. . — t,=2/
the origin. l Aoki-Onogi-Yokoyama 2021 04 o
0.2t o
M "(r
TOO — le_ = | e (2) %000 0.5 1.0 15 2.0 25 3.0
. N r r

M) non-perfect fluid EMT
8l Gy I (Hawking-Ellis type Il)

T22 — T33 = | c.f. Oppenheimer-Snyder 1939

This agrees with the EMT In a distributional approach.  Balasin-Nachbagauer 1993,1994

M M

BH energy from EMT Egy = ! | dl drr2T9 =41 G
IV

The Schwarzschild BH is made of the point-like matter at the origin.

The mass function m(r, r) describes a physical process of the gravitational collapse

leading to the Schwarzschild BH with @ function regularization.



ll. Gravitational fields carry energy ?

Noether’s 2nd theorem and general relativity

S. Aoki and T. Onogi, Int. J. Mod. Phys. A36 (2022) 22501 29.



lI-1. Energy of gravitational field ?

(Like electromagnetic fields) one may define energy for time-dependent
dynamical gravitational fields which recovers the total energy conservation.

Indeed, since time translation is a part of general coordinate transformations of
general relativity (local symmetry), one may define the conserved energy using

this symmetry.
However, Noether's Znd theorem invalidates such naive thought. One can’t define

the conserved energy covariantly.

(Historical) definitions

‘ Pseudo-tensor ‘ Traditional: give up covariance Einstein

L To(TH +tH)]=0 t"1  pseudo-tensor (non-covariant), gravitational energy ?

E = dVv (Too + too)

‘ Quasi-local energy ‘ Modern: give up a local definition (of energy density)
Komar, Bondi, Arnowitt-Deser-Misner, Gibbons-Hawking

dS (quasi-local energy  "© local energy
r density

E= dV(local energy —» E =



[I-2. Noether’s 2nd theorem

Noether’s 1st theorem S= d%L(,",!)

Equations of motion (EOM)

L L - L 'L
0=!S= d% 1"+ _——#I" = d% ! # ——— I" +surface terms
| I#, | I#,
L L
Global symmetry 0" g #(X) l o constant parametel
- ||L ||L o - ||L o
0=1o dix —_"g#+ "s# =1g d "o#
0 g © "$u#$“ G 0 3, G F
EOM
L
— uNF=0 N¥:= m—'e#  Noether current
F

For the conservation of the Noether current, EOM should be used.



Noether’s 2nd theorem

Local (gauge) symmetry 0" = F(", #1)$(x) 1 (x): local parametel

Without using EOM, the local symmetry leads to the following equation.

0= ddxX(x)!(x)+_ di% ", [GH(#,")! (X)]
M M

1. We take 6(x) = 0 on the boundary oM for arbitrary M. —— X (x)=0

2. Then we take 6(x) # 0 on the boundary oM for arbitrary M.

— 1, JH =0. JH(x) = GH(1,")#(X)

This conservation is always satisfied, thus is non-dynamical/constraint.

This conservation does not reflect the dynamics (EOM) of the system.



[I-3. Noether’s 2nd theorem in general relativity

General relativity 1(x)r "H(x) local translations

. 1! = .. ..
EH action —— J"[1]= - "g#, gl = Akt BH T L+ CH LY

WAY =0 conservation
I |_1|| —
wlTI=0 * AM, +1.B M =0

51/ 1S arbltrary Bp.!" + B"!u +2!#C#!|J." =0

cCHy* +CH " +C " =0

|

AM' — I l " B-" I u’ B.-" | M "= }B[" | p_] | }I #C[" | u]# derlvatlve Of antl-
| | | 2 3 | symmetric quantity

We stress again that this holds for arbitrary metric g,, without EOM.



E. Noether, Gott. Nacho. 1918(1918)235-257 [arXiv:physics/0503066[physics]].

From the foregoing, bnally, we also obtain the proof of a Hilbertian asertion about the connection
of the failure of laws of conservation of energy proper with Ogenar relativityO (KleinOs brst Note,
Geottinger Nachr. 1917, Reply 1st paragraph), and that in a genealized group theory version.

be linear combinations of the dependencies (16); Accordingly, DiB!) =Div & a%® : and

the B(')Os themselves are thus linearly composed of th®s, i.e., the Lagrange expressions and the
derivatives, and of functions whose divergence vanishes identicallgay like the B! #0s encountere
at the close of Section 2, for which DivB ! #) = 0, and where the divergence at the same time has
the invariant property. | shall refer to divergence relationships in which the B )Os can be compose
from the Lagrange expressions and their derivatives in the specildemanner as Oimproper,O and t
all other as Oproper.O

will be referred to as Oenergy relationships,O since the laws of comnsg¢ionO DivB(') = 0 corre-
spondlng to the variation problem answer to Olaws of conservationfenergy,O and theB (') Os to the
Oenergy components.O So then we have:l Ifadmits of the displacement group, then the energy re
lationships become improper if and only ifl is invariant with respect to an inPnite group containing
the displacement group as subgroup?

Hilbert enunciates his assertion to the & ect that the failure of proper laws of conservation of
energy is a characteristic feature of the Ogeneral theory of relgity.O In order for this assertion to
hold good literally, therefore, the term Ogeneral relativityO shoulde taken in a broader sense than
usual, and extended also to the forgoing groups depending om arbitrary functions. 2’




Pseudo-tensor ‘ Take ¢ =/ (global time-translation) + EOM

| 1 | |
| RM = ZgM' (R! 2)+21TH
— JH=Aly= " g(THo+ tHy)
. .y u . 1 - u "_P I ' p_" n # | "H on 9
Einstein’s pseudo-tensor  tV, := o RY, + 7(R- L)+ g8 "y gttty

EMT for gravitational fields ? (Einstein’s interpretation)

Total (pseudo-)energy

— d 1 0 0 —_ dl 2 +k O . :
Epseudo =! [d” XJo 'g TTo+ 1ty =  [d" “X]okB"0 quasi-local expression



‘ Quasi-local energy

off-shell but covariantly conserved current density including &*

1!

i — Ty ] .
JP[] = > g, #'WI 1, JH"1=0

Conserved quasi-local charge (energy?)

- | 1 - I ! T~ " . .
Quuasil']= [ '] I*[!] = 0 [d" *x],- " "ol quasiclocal expression

One can construct infinitely many conserved charge depending on &

Komar energy, Bondi energy, ADM mass, Wald entropy, Asymptotic charge, etc.



As a summary of I&ll: Energy loss of a binary star

Two different but equivalent points of view

‘Standard view

Since a binary star is continuously loosing its energy, which is carried away by
emitted gravitational waves, a period of its rotation becomes shorter and shorter.

‘Our view

A period of a binary star rotation becomes shorter and its energy decreases
while emitting gravitational waves, according to Einstein equation in general
relativity, Since the energy is not conserved, it is not necessary to assign energy
to gravitational waves.

(matter) energy E (x°) = | di, TH 1!
I (x9)

covariant, local

I =1 " : avector for the global time-translation



Question : Can “vacuum” create a star/BH ?

Vacuum ? matter
Ty =0, Gy =0 Ty EO,
RH!"# EO, star BH

Einstein equation

No singularity Gu + ! gu =21 Ty

conservation
! HT!“ =0,

We will argue that this does not happen in the next section.



lll. Conserved charge in curved
spacetime (including GR)

S. Aoki, T. Onogi and S. Yokoyama, Int. J. Mod. Phys. A36 (2021)2150201.
S. Aoki, Y. Hidaka, K. Kawana and K. Shimada, arXiv:2312.09712[hep-th].



lll-1. Proposal for a conserved charge

llI-1-1. Decomposition of EMT

We consider the EMT In the following form:

. energy density ut: a time-like unit vector P, : pressure tenso

This EMT, classified as the Hawking-Ellis type |, covers standard classical matters
iIn 3+1 dimensions.
Hawking&Ellis 1973, Martin-Moruno&Visser 2013

! pT“! =0 IS satisfied as usual.



llI-1-2. Hyper-surfaces

First we pick up an initial space-like hyper-surface #,_, .

U (X (V) We introduce a coordinate y* (a =1,2,---,d—1)

Ha 1= {xp(y) | y! Har 1}

We define a time-like curve x*(z,y) starting from an arbitrary point x,(y) on #,_, :

dx*(!,y)
d!

= ut(x"(!,y)),
xH(0,y) = xp (Y)

a foliation of hyper-surfaces #,_,(r)
Ha 1(1) = x*(,y) | 1yl Ha g

Har 1(0) = Har 1




N-1-3. K := V,u*

nt(z,y) . vector normal to hyper-surface #, ,(r)

nt(!,y)
ut(r,y) . time-like vector of EMT

us(t,y)
ex(ly) e!(z,y) : basis vectors parallel to hyper-surface
H 4-1(7)

Nap: Induce metri on hyper-surfaceHq 1(!)

Har 1(!)
h = det hgp,

We then obtain

K:=1,u*=1,In[("né&u) h

For the detall, see S. Aoki, Y. Hidaka, K. Kawana and K. Shimada, arXiv:2312.097 1 2[hep-th]



llI-1-4. Conserved current

We construct a conserved current from the EMT using u#(x) as
JHX) = TH ) )u (x) = 1 "(x)!(x)uH(x)
=1 (x) This definition is coordinate independent.

For a spherically symmetric case, {#(x) Is know as a Kodama vector. Kodama ‘80

We determine {(x) in order to satisty the conservation lawV, J* =0, which reads

d dxH* " d

L d "x,  d
S , .

oY) = LOHO.y) exp | dSK(Sy) = ! (0,y)#0,y) 2. NO.Y)

o 0 (ndu) h(",y)

Therefore the conserved current is determined as

a(l,y)
n(',y)au(',y) h(,y)

JH(1,y) =1 "(0,y)#0,y)n(0,y) au(0,y) h(0,y)

INnitial condition



llI-1-5. Geometric current and charge

The conserved current depends on an initial value £(0.y) .

We take covariant initial conditionas ' (0,y)"(0,y) =1

n(0,y) &(0,y), h(0,y)

— geometric conserved current JH(1,y) = ! g L 2 yM(l,y)
n(!,y)au(!,y) h(!,y)
We don’t need information of «(x) .
—  geometric conserved charge  _ | n(0,y) 4u(0.y) h(0.y)d® ty

(Ogravitational chargeO) Hai 1

covariant under the coordinate transformation of y“ .

(An existence of) the conserved current looks “trivial”. However,

In the case of perfect fluids, Q = entropy and ¢ = inverse temperature.

entropy density  s(x) := (x)"(x) = ggizi g(',y) = n(l,y)au(',y) h(,y)

S. Aoki, Y. Hidaka, K. Kawana and K. Shimada, arXiv:2312.09712[hep-th]



llI-2. Perfect fluid and Stefan-Boltzmann law

T% =11(x), T'j = P(x)", X = x(!,y)

v,T", =0 —— I,"=1("+ P)K + EOS (equation of state) P(!,y) = " (y)#!,y)

I T+

= ! P 7O+ (y)
1Y) = 10, y)exp | (L+ #(y))  dSK(Sy) =!(0y) LY

— " 1+ " (y)
. o y) 1(0,y)s(",y)

For radiation (without conserved particle numbers), thermodynamics tells

ty)= Py =+ #y) o soy =11 Ty =@+ ! (1) O.y)
Y T Y y T(.y) Y : Y - Y Y
Inserting this into the first relation, we obtain
() L LEED) o O T T Ty Iy Y
Oy) Ty THOY) Ty 10,y) !(y):%
Ty M T(y) ¢

L(",y) = 1(0,y)

T0.y) = 1(0,y) TO.y) Stefan-Boltzmann



Scalar function ¢(z,y) Is proportional to the inverse temperature.

s(t,y) = "(1,y)#(.y) L1+ #(y) N ) |
1+"(y) » V= Ty OV T0y) T Hoy)
I = y I
S(' 1y) - T(! y) #(' 1y)

Time-dependence of temperature is determined.

’ 1+ ! (y)
)= 10y Y

a(".y) : L (y)
g(0,y)
T('.y)= T(O, A=)
S i - (K7

g(',y):= n(',y)au(',y) h(,y)



[1I-3. A simple model of expanding Universe (scalar+radiation)

S. Aoki and K. Kawana, “Entropy and its conservation in expanding Universe”,
International Journal of Modern Physics A38 (2023) 2350072

S = | ddx! g " }g“"! " V(")' V()= m_!2| 24 14
! 2 v ' 5 Tk

Fields depend only on time.

EOM for Radiation 'k +4H!r =!(!1 + Pi)  coupling to scalar field, added by hand

Pressure Py = ?R
, 1 V p
EoM for scalar M+ 3H U+ T L coupling to radiation, added by hand
. 1. " - L, |
Energy density ! = §U2+ V(") Pressure P =S V()

. Total EMT conservation g+ 3H (1 + P)=0

1 =1, + Ig P=P +Pg



Numerical results

1 =10'2, m, =0.1Mp, ! =10'2m, Mp = % Planck mass
N
. 2#
1'(0)=5Mp, ™MO)=0, "0)= ——
(0)=5Mp, %0) = 5o
slow roll de Sitter temperature

UL HSY | HSHY

T "
" I
!ll" E E -
' i Radiation Entropy
! : I |
| ‘/ ) _
" L _E-___ # |$§)/0$&'()*$-&
" "# ! : ™

Inflation I $ Matter Radiation

time >



Inverse temperature

UL T HS% " | #SHY

adiation

EoS P =w l$ Energy density
P T #SY% " T #EH Y
L T HSY " | #SHYD —
1 T "
I gL
"#$:‘ /
: s
g | mos| e
|nﬂat|0n v ' # _
| "4 ' - — 1
SR .
g | A L | .
ot g ! ! " # ! '
Y 13
time > time >




V. Summary



matter energy  E(x?%) := dr ,TH ! not conserved in general g o= gk

I
© %0

conserved current  JH(,y) =1 "(1, y)#(!,y)ur(,y)

Perfect fluid JH Is an entropy current while ¢ Is an inverse temperature.

|Quantum gravity |

1. A physical meaning of J# ("gravitational current”) for a generic EMT may give
a hint for quantum grauvity.

2. s It necessary to quantize gravity ?

Gravitational fields classically have no contribution to J# .

Therefore they have no exchange of “gravitational quanta” with matter(?)

Thank you for listening !



